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CHAPTER -I 


INTRODUCTION 


The Chapter I, on Intrdouction presents a breif historical development 
of the work done in the field of “Generating Functions of Special 
Functions'” . No attempt has been made to give a comprehensive review 
of the entire literature on the subject but only those aspects, which have 
a direct bearing on our work done in the present thesis, have been dealt 
with in some details. It also presents the scope for under taking researches 
and their importance in related areas. 

1.1. Special Functions. An equation of the form 

(1.1.1) + +-.+ P„(x) = Q, 

where p 0 (x), p y (x),....,p n (x) are polynomials expressions having integral 
coefficients, is called algebraic equation. The roots of the above equation 

(1.1.2) w = f(x) 

are called algebraic functions. The functions, which are not roots of 
algebraic equations are called “Transcendental Functions ”. Logrithmic 
functions, exponential functions, trigonometrical functions etc. are examples 
of “Transcendental Functions”. Transendental functions are generally solutions 
of diffemtial eqautions or they have integral representations. Transcendental 
functions such as beta functions, gamma functions, Bessel functions, E, 
G and //-functions, all polynomials etc., which are of complicated nature 
are known as “ Higher Transcendental Functions. ” 

In the study of Higher transcendental functions, if we are not 
concerned with their general properties, but only with the properties of 
the functions which occur in the solution of special problems, they are 
called “Special Functions ”. Moreover, it is a matter of opinion or 












( 2 ) 

convension. According to Harry-Bateman (1882-1946) any function which 
has received individual atention at least in one research paper, may be 
attributed to Special Function. 

Here we shall discuss some special functions, particularly, polynomials 
and their generalizations. We shall also discuss the multiple hypergeometric 
functions of several variables and their applications. 

1 . 2 Legendre Function. Special Functions were first 
introduced towards the end of eighteenth century in the solutions of the 
problems of Dynamical Astronomy and Mathematical Physics. In 1782, 
Laplace introduced the potential theorem. Legendre (1782 or earlier) 
investigated the expansion of potential function in the form of an infinite 
series and was thus led to the discovery of functions now known as 
“Legendre Coefficients” or Legendre polynomials. 

Thomson and Tait in their well known “Natural Philosophy’'’ (1879) 
defined spherical harmonics as follows : 

Any function V n of Laplace equation V 2 <j) = 0 , which is homogeneous of 

degree n in x,y,z is called a “Solid Spherical Harmonics of Degree n 
The degree n may be any positive integer and the function need not be 
rational. 

If x,y,z are expressed in terms of polar coordinates (r,9,<j)) the solid 
spherical harmonics of degree n assumes the form r'ffOf). The function 
/ ;i (0,( j>) is called a “Surface Spherical Harmonics of Degree n”. 

Laplace equation possesses solutions of the form | r -n -i j e ® W where 
(|l) satisfies the ordinary differential equation 


( 1 . 2 . 1 ) 
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The above equation is called associated Legendre equation, p is 
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restricted to be a real and to be in the interval (-1,1). 

Legendre polynomials were generalized by Gegenbauer Tchebicheff and 
Jacobi. Jacobi polynomials are most general polynomials of this family and 
were first introduced by C.G. Jacobi in 1859. 

Jacobi polynomials (See Reinville [172, p254, (1)]) are defined as 

d,2) J-*' 1+ “ + P+";iz£. 

1 ; n! * 1 + a; 2 

For a=(3=0 the above polynomials reduce to Legendre polynomials. 

Generating function for Legendre polynomials is given by Rainville 
([172, p. 157(1)]) : 

(1.2.3) {\-2xt+t 2 Y 2 = j^P n (x)t\ 

n=0 

while their Rodrigues’ formula is given by Rainville ([1 72. p. 1 62(7)]) 

(1.2.4) P n (x) = ~~D"(x 2 - l) . 

1.3 Hermite Polynomials. Hermite polynomials, first of all 
were discussed by Laplace in his two works: “Treatise on Celestial 
Mechanics” ([136], 1 805) and “Theory of Probability" ([137], 1820). 
The systematic study of these polynomials was made by C.H. Hermite 
[109]. Hermite polynomials occur in case of the motion of the point mass 
in a field of force. 

Generating function for Hermite polynomials is given by Rainvile ([172],p.l 87, 

( 1 )]) 

(1.3.1) ex/?(2xf-t 2 )=£//„(x)— 

n=0 n ' 

and their Rodrigues’ formula is given by Rainville ([172, p. 189, (2)]) 

( 1 .3.2) H n (x)= (-l)" exp{x 2 )d" exp(-x 2 ). 
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1.4 Laguerre Polynomials. E.de Laguerre [135] introduced 
Laguerre polynomials in 1 879. These polynomials occur in case of the 
motion of two particles (nucleus and electron) that are attached to each 
other by a force that depends only on the distance between them. 
These polynomials satisfy the following differential equation : 

(1.4.1) x£l!:\x)+(l+a-x)^-ll:\x)+nl!;>(x)=0. 

ax ax 

The generating function for Laguerre polynomials is given by Rainville 
([172 p. 209(1)]) 

(1.4.2) ^L^{xY ={\-ty- a e-^\ 

n= 0 

while their Rodrigues’ formula is given by Rainville [172, p. 205(5)]) 


(1.4.3) L^{x)= — D n [e- X x a+ "} . 
n! 


1.5 Other Polynomials. There are several hypergeometric 
polynomials which are non-orthogonal. In 1936 Bateman [9] was interested 
in constructing inverse Laplace tranforms. For this purpose he introduced 
the polynomials 

(1.5.1) Z„(x)= 2 F 2 (-«,« + 1 / 1 , 1 ; x ) . 

Rice [173] made a considerable study of the polynomials defined by 

■n,n + 1 ,^; 


P-1.' 


(1.5.2) HX’P’ V )= A 
Bateman [8] studied the polynomials 

(1.5.3) F,X Z )= A -«.« + L^(l + z),-LL: 


quite extensively, and which were generalized by Pasternak in the following 
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(1.5.4) 


1 


-n.n + l,_(i + z + „) ;j] 


1 / 


m + 1; 


Another polynomial, in which the interest is concentrated on a parameter, 
is Mittage-Leffer polynomial 

(1.5.5) g n {z) = 2z 2 F X [l — n,\ — z;2;2] 

Bateman (1940) generalized the above polynomials in the form : 


■Xz,r)J^ 2 F x {-n,z;-r;2). 

n! 


(1.5.6) g 

Sister Celine (Fesenmyer [101]) concentrated on the polynomials generated 
by 


(1.5.7) 0- ? r p F c 




b i V 


-4xt/(l-t) 2 


p+2* q+2 


«= 0 


— n,n + \,ci ] ,...,a p ; 
l 1/2 ,b v ...,b/ 


Her polynomials include Legendre polynomials, some special Jacobi, Rice’s 
H „ (£, p, v), Bateman’s Z n (x), F n (z) and Pasternak’s polynomials etc. as 
special cases. 

1,6 Hypergeometric Function of One Variable. 
The Gaussian Hypergeometric Series. In the study of second 
order linear differential equations with three regular singular points there 
arises the function 


a,b; 

c; 


tMSlL c ^o_i_9 

h ici “'■■■ 


(1.6.1) 2 F\( a ’b;c;z)= 2 F i 
The above infinite series obviously reduces to the elementary geometric 


series 
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(1.6.2) I>" =\ + z + z 2 +... + z" +... 

n=0 

(1.6.3) (i) a-c and b- 1 (ii) a = 1 and b=c. 

Hence it is called hypergeometric series or more precisely, Gauss’s 
hypergeometric series after the famous German mathematician Carl Friedrich 
Gauss (1777-1855), who in the year 1812 introduced this series into 
analysis and gave the F-notation for it. 

By D’ Alembert’s ratio test, it is easily seen that the hypergeometric 
series in ‘(1-6.1) converges absolutely within the unit circle, that is, when 
|z|<l, provided that the denominator parameter c is neither zero nor 
negative integer. However, we notice if either or both of the numerator 
parameters a and b in (1.6.1) is zero or negative integer, the hypergeometric 
series terminates and the series is automatically convergent. Further tests 
readily show that the hypergeometric series in (1 .6.1) when |z|=l (that 
is, on the unit circle), is 

i) absolutely convergent if Re(c-a-b)> 0, 

ii) conditionally convergent if -1 < Re(c- a-b)<0, z^l. 

iii) divergent if Re(c-a-b)<-l ■ 

In case (i), for a number of summation theorems for the hypergeometric 
series (1.6. 1) when z takes on other special values, see Bailey ([7], 1935, 
pp. 9-11). Erdelyi et al. ([96], 1953, pp. 104-105), Slater ([187], 1966, 
p.243), Luke ([139], 1975, pp. 271-273) and Srivastava-Manocha 
([203], 1984, pp. 29-31). 

Generalized Hypergeometric Series. A natural generalization 
of above Gaussian Hypergeometric series 2 F, ( a,b;c;z ) is accomplished 
by introducing any arbitrary number of numerator and denominator 
parameters. The resulting series 



( 7 ) 

is known as the generalized Gauss series, or simply, the generalized 
hypergeometric series. Here p and q are positive integers or zero 
(interpreting an empty product as 1), we assume that the variable z, the 
numerator parameters a p ...,a p , and denominator parameters b I ,...,h q take 
On complex values, provided that 

(1.6.5) bj * 0,-1 -2,...;y = l, 

Supposing that none of the numerator parameters is zero or negative 
integer (otherwise question of convergence will not arise, and with usual 

restriction (1.6.5) the p F q series in (1.6.4) 

(i) converges for |zj<°° if p<q 

(ii) converges for |z|<l if p=q + l and 

(iii) diverges for all z.z^O, if p>q + l 
Further more, if we set 

</ p 

(1.6.5) 

,/=i 7=1 

then the series p F q with p=q+ 1, is 

(i) absolutely convergent for [z|=l if i?<?((0)>0, 

(ii) conditionally convergent for |z|=l, z if-l< /?e(co)<0. and 

(iii) divergent for |z|=l, if i?e(m)<-l. 

1.7 A Further Generalization of p F q . An interesting 
further generalization of the series p F q is due to Fox [102] and Wright 
([223], [224]), who studied asymptotic expansion of the generalized 
hypergeometric function defined by 


(1.7.1) 




(fli , zl| ),..., (p p ,A p ), 

{b v BX..,{b q ,By 




7=1 


where the coefficients A,,. ...A and are positive real numbers 



such that 


(1-7.2) 1 + S 5 ;~E^ - a 

j = 1 7=1 

By comparing (1.6.4) and (1.7.1), we have 


jm mi nw 

d- 7 ' 3 ) 


1.8 Hypergeometric Series in Two Variables. 
The great success of the hypergeometic series in one variable has 
stimulated the development of a corresponding theory in two or more 
variables. Appell [4] has defined four double hypergeometric series F v 
F 2 ’ F y F 4 (known as Appell series), analogus to Gauss’s 2 F x {a,b;c;z). 
The standard work on the theory of Appell series is the monograph by 
Appell and Kampe de Feriet [6], which contains an extensive bibliography 
of all relevant papers upto 1926 (by for example, L. Pochhammer, J. Horn, 
E. Picard, E. Goursat). See Erdelyi et al. [96, pp. 222-245] for a review 
of a subsequent work on the subject; see also Bieley ([7], Chapter 9), 
Slater ([187], Chapter 8) and Exton ([99] pp. 23-28). Horn puts 

rt \ F(m,n) / x G(m,n) 
n ) = — L ,g( m ,n)= — L , 

F (m,n) G \m,n) 

where F,F',G, G' are polynomials in m, n of respective degrees 
p, p' ,q, q' , F' is assumed to have factor m +1, and G' a factor n+ 1; 

F and F' have no common factor except possibily, m+ 1; and G and 
G' have no common factor except possibily n+ 1. The greatest of the 
four numbers p, p' ,q, q' is the order of the hypergeometrie series. Horn 

investigated, in particular, the hypergeometrie series order two and found 
that, apart from certain series which are either expressible in terms of 


■ 


(9) 

one variable or are products of two hypergometic series, in one variable, 
there are essentially thirty four distinct convergent series of order two 
(Horn [111], correction in Borngasser [14]). 

Horn Series. Horn [111] defined the ten hypergeometric series 
in two varibles and denoted them by G V G 2 , G v H v ...,H n \ he thus 
completed the set of all fourteen possible second order (complete) 
hypergeometric series Appell and Kampe de Feriet ([6], p. 143 et seq.), 
see also Erdelyi et al. ([96], pp. 224-228). 

Cofluent Hypergeometric Series in Two Varibles. 

Seven confluent forms of the four Appell series were defined by 
Humbert [113] and he denoted these confluent hypergeometric series in 
two variables by (J>,,<j) 2 , <j) 3 , . 

In addition, there exist thirteen confluent forms of the Horn series 

which are denoted by Horn [111] and Borngasser [14] F, , f, , H 1 ,...,H ir 

Thus there are twenty possible confluent hypergCometric series in two 
variables. 

The work of Humbert has been described reasonable fully by 
Appell and Kampe de Feriet ([6], pp. 124-135), and the definitions and 
converegence conditions of all these twenty confluent hypergeometric 
series in two variables are given also in Erdelyi et al. ([96], pp. 225- 
228). 

For more details see Srivastava and Karlsson [204], 

Kampe de Feriet Series and its Generalization. Just as 
the Gaussian series -,F, was generalized to p F q by increasing the number 
of numerator and denominator parameters, the four Appell series were 
unified and generalized by Kampe de Feriet [128], who defined a general 
hypergeometric series in two variables (see Appell and Kampe de Feriet 
[6, p.150 (29)]). The notation introduced by Kampe de Feriet [loc. cit] 


for his double hypergeometric series of superior order was subsequently 
abbreviated by Burchnall and Chaundy ([15], p. 1 12). 

A further generalization of the Kampe de Feriet series is due to 
Srivastava and Daoust ([196], 1969), who indeed defined the extension 

of the ,i|/„ series (1.8.3) in two variables. 

Later on in 1976, a generalization of Kampe de Feriet series is 
also seen in the literature due to Srivastava and Panda ([202], p.423, (26)) 
but it is special case of Srivastava and Daoust ([196], 1969). 

1.9 Triple Hypergeometric Series. 

Lauricella [134, p. 1 14] introduced fourteen complete hypergeometric 
series in three variables of the second order. He denoted his triple 
hypergeometric series by the symbols F ; ,F_„ F l4 of which four series 

F v F_„ F- and F 9 correspond respectively to the three variable Lauricella 

series Ff ) ,F i^ (3) ,F c 0, and F® . 

The remaining ten series F 3 , F 4 , F 6 , F 7 , F g , F I 0 ,...,F /4 of Lauricella’s 
set apparently fell into oblivion except that there is an isolated appearance 
of the triple hypergeometric series F g in a paper by Mayr [145, p.265] 
who came across this series while evaluating certain infinite integrals. Saran 
[177] initiated a systematic study of these ten triple hypergeometric series 
of Lauricella’s set. Saran’s notations are F E ,F F , F 0 ,F K ,F M ,F N ,F ' ,F R 
,F S and F T for the series F 4 ,F U ,F 8 ,F 3 ,F,,, F () ,F,, ,F, 0 ,F ? ,F, 3 
respectivley (see also Chandel [29]). 

Srivastava Triple Hypergeometric Series H ,, H B and H c : 

In the course of further investigation of Lauricella’s fourteen 
hypergeometric series in three additional complete triple hypergeometric 
series of the second order. These three series H 4 ,H B and H c had been 
neither included in the Lauricella’s set, nor were they pi'eviously mentioned 
in the literature. H c is new and interesting generaliztion of Appell’s series. 


( 11 ) 

F x ; H b generalizes the Appell series F v while H A provides a generalization 
of both F x and F T 

A unification of Lauricella’s /owrteen hypergeometric series F x F u 

and the additional series H 4 , H B , H c was introduced by Srivastava [189, 
p.428], who defined general triple hypergeometric sereis. 

While transforming Pochhammer’s double-loop contour integrals 
associated with the series F s and F X4 (i.e. F G and F F respectively) 
belonging to Lauricella’s set of hypergeometric series in three variables, 
the two interesting triple hypergeometric series G 4 , G B of Horn’s type 
were encountered by Pandey ([166], pp. 115-116). An investigation of the 
system of partial differential equation associated with the triple 
hypergeometric series H c of Srivastava ([188], [190]) led Srivastava [194, 
p. 105 (3.'5)] to new series G c Other triple hypergeometric series studied 
in the literature are introduced by Dhawan [93], Samar [176] and Exton 
([100]). 

1.10 The QuardrupSe Hypergeometric Functions. 
Until the Exton [98] defined and examined a few of their properties, no 
specific study had been made of any hypergeometric function of four 

variables apart from the four Lauricella’s function F 4 \f^\ f£ 4) and F^ 

certain of their limiting cases. On account of the large number of such 
functions which arise from a systematic study of all the possibilities he 
restricted himself to those functions which are complete and of the second 
order and which involve at least one product of the type (a, k+m+n+p), 
in series representation; k, m, n pare indices of quadruple summation. 
Exton ([98], [99]) defined twenty one quadruple hypergeometric series, 
(see also Chandel and Dwivedi [54]). 

Recently Sharma and Parihar [181] introduced eighty three 
hypergeometric functions of four variables. It is worthy to note that out 





^ '■ " "•••■ ■!■: ■ ' -■:. 


of these eighty three functions, ninteen functions had already been included 
in the set of 21 functions introduced by Exton ([98], [99]) in different 
notations (see. Remark due to Chandel and Kumar [65]). Further very 
recently Chandel, Agrawal and Kumar [43] have also introduced seven 
more hypergeometric functions of four vriables: 

(1.10.1) f\ a ^ (a , , a, , a 2 , a 2 , a 2 , b { , b x b 2 ; c 2 , c ] , c, , c 3 / x, y , z, u ) 


= I 


( a 2 l, +P+ S a \M„ +P (b 2 \ x m y" z p U* 


(c 2 \,( c il +P ( c i\ ml n! p! q! 


(1 .10.2) F^\a v a v a 2 ,a 2 ,a 2 >b u b i b 2 ;c 2 ,c i ,c ] ,c 2 ;x,y,z,u ) 


MmwfaXMn+pfal X” Z P U“ 


■‘i=o ( c 2 ) m+q {cX +P m! n! p! q! ' 


(1.10.3) F^\a l ,a l ,a 2 ,a 2 ,a 2 ,b l ,b ] ,b ] ;c 2 ,c v c v c 2 ;x,y,z,u) 


I 

m,n,p,q = 0 


(«.L,, + > 2 L>i),, + p ^ .r m y” z_ p _ iF 

( c 2L a ( c ,L„ m! n! p ! c i ! ; 


m+q v i/n+p 


(1.10.4) F^\a v a v b v a 2 ,b\,b 2 ,b 2 ,b 2 ;c v c 2 ,c v c 4 ;x,y,z;u) 


f x” v" - f> »* 

»-.m- o (c,) M (c 2 )„(c 3 ) (c 4 ) ml n! pi q l 


(1.10.5) . F^ ) (a ] ,a ] ,b 2 ,a ] ,b 2 ,b v b i ,b [ ;c v c 2 ,c 2 ,c 4 ;x,y,z,u) 

V (bi) m+p {b 2 ) n+ p +q X n ‘ y" z p u“ 

m.n,p,q- 0 (0^ 2 )„(c 3 WcA ml n! pi q! ; 
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( 1 .10.6) F^\a v a 2 -a v a u b v b { ,a 2 ,b 2 ;c v C\,c^c^;x,y,z,u) 


Chandel and Sharma ([76], [77]) also introduced following ten more 
hypergeometric functions of four variables 


( 1 . 10.8 )H^\a,b,c,d;e,e',e";x ,y ,z ,u) 


I 


,(c) r ,M, x" / z" u- 


m,n,p,q = 0 \rJm+p 


( e ) m+P ( e ')„( e "X m - w! p- p'- 


(1.10.9) H^\a,b,c,d;e ] ,e 2 ,e 2 ,e 4 ;x,y,z,u) 


y (4n,nJb) m+p {cXJ d l U‘> 

o (ei),„(e 2 )„(e 3 ) (e 4 ) m! n! pi q\ 


(1.10.10) G^(a,b,c,d;e,e';x,y,z,u) 


x m / ^ 


m,n,p,q— 0 


(eL,-»(<4 m! « ! P ! <7 ! ’ 


(1 .10. 1 1) G^(a,b,c,d;e,e';x,y,z,u) 


(a\ +P - m (b) m+P+ MA d X x m y“ z p u‘ ! 


( e )n*p-n, ( e 'X ml d P [ 7 ! 


(1.10.12) G^(a,b,c,d;e,e';x,y,z,u) 


= s 




m pi ,p,q= 0 


(e)„ +p _ m (e') ? m! h! p! ^ 


(1.10.13) Gi 4) (a, b v b 2 ,b 2 ,b 4 , e, e' ; x, y, z, u) 


i 


ill 


(14) 



= I 

m, n,p,q~0 


(«) n+p-m+q 


" v" 


(e)n+p-m(e% 


ml ill pi ql ’ 


( 1 . 10. 14) G^(a,6 1 ,6 2 ,6 3) 6 4 ;e,e , ;x, - v,z,M) 

V x” z p 

»wo (eL,-«(e'), w! « ! P ! <7 ! ’ 

(1.10.15) G ( g\a,h v h 2 ,b^b A \e,e'-,x,y,z,ii) 

V fa 4 fa )» fa ), fa ), x" y n z p u q 

( e L P -J e % m - n\ pi cjl ’ 

( 1 .10.16) G^(a,b,c,d;e,e';x,y,z,u) 

y (4 + ,+>L,,(444 x” / u‘ ! 

mjfar 0 faL,-„(4 w! «! P'- ^ ’ 

(1 .10. 17) Gj~}(a,b,c,d\e,e'',x,y,z,u) 

y *" / z* 

m ,«7U (4 +f >-,„(4 m! />'• ’ 

In the present thesis, we shall frequently use these above 
hypergeometric functions of four variables. 

1.11 Multiple Hypergeometric Series of Several Variables. 

While several authors, for example, Green [104], Hermite [1 10] 
and Dedon [94] have discussed what amount to certain specified 
hypergeometric functions. It was left to Lauricella [134] to approach this 
topic systematically. Begining with the Appell functions Lauricella proceeded 



to define and study the four important functions F^'\ Fg ”\ and F^ 
which bear his name. 

(1.11.1) F^\a,h 1 ,...,b n ;c l ,...,c„; x 1 ,...,x, l ) 


(«L, + ... +m „fe) ...(6j xr xT" 


(C,L-(C„; 


m x \ m n \ 


U'l + ••• + < 1 


(1.11.2) F^ ) (a l ,...,a n ,b l ,...,b n ;c;x l ,...,x n ) 


■ I 


( a il l -kl„( 6 il l -fek *r <" 


m x \ m n ! 5 


x < 1,.. JxJ < 1 


(1.11.3), Fc\a,b;c 1 ,...,c n ;x l ,...,x n ) 


'%T' [ a )m l +...+m„fa)m l +,..+m„ X*”' x"'“ 

m m, =0 til,, ••(<?„)„ 


X ’ ~ + ...+ X ' < 1 


(1.11.4) F^\a,b l ,...,b n ;c;x l ,...,x n ) 

V -1 )m . +... + <« „ 1 )m ,"'^n ), 


| J r m l y 

m , v /; //h n A j A n 


m | m „ =0 


)m j +... + «! n 


m j ! m „ ! 


Lv. < 1,..., xl< 1 . 


A. number of confluent forms of the above Lauricella’s functions 
denoted by <|) (n) and exist in the literature (for instance see Erdelyi 

[97, p.446 (7.2)]; Humbert [1 15, p.429], see also Appel! and Kampe de 
Feriet [6,p. 1 34 (34)]. 


[a;c v ...,c n ;x\, 


(1.11.5) 




11 ;■ m I I - 


(16) 




v m \ '«„ 
.+m„ -* I A n 


i(ci) m ,-ft)„. m >- mj ' 


nj 1( ...,«l„=0 V" I//H, ••'V'/I /m n 


(1.11.6) (j)!," ^ (&,,..., ; c; x, , ... , ) 


£ ft)„,-ft)m. x|” ,,, 


x f ” n 


)m ,+...- 


m,,...,m„= 0 V 1 " )m x +...+m„ ^ i ‘ ^ « ' 


Exton ( [99]) introduced following two multiple hypergeometric 
sereis ^£’^and * related to Lauricell’s 

(1.11.7) j k }E { a ] (a, 6, ., b n ; c, c ' ; x, ,..., x„ ) 


y (4 1+ ... +m >,) V A)„,„ -<'• -C 

(4 i +■■■+«* ft) ;^. +1 * m n * 

(1.11.8) 6, (c;*, 


I 

W] w„= 0 


ftL 1+ ... + ,„ f (a')„, w+ ... +m „ ft l, -ft, ),,,„ xp x„“- 


(4 1+ .., 


/?2j! in n ! ' 


Prompted by this work, Chandel [32] defined and studied the 
following multiple hypergeometric function closely related to Lauricella’s 


p\ n 

1 c 


(1.11.9) IJ )' Ec ) {a,a\b;c l ,...,c n :x i ,..., x „ ) 


= X 

m j =0 




( C X-i C nl 


m ] ! m n ! 


(17) 


Intermediate Lauricella’s Functions. 

By taking commendable idea of interpolution between Lauricella’s 
function, Chandel and Gupta [59] introduced three multiple hypergeometric 


functions and related to Lauricella’s functions. 


( 1 . 11 . 10 ) '“F^a.b.b,, *„) 


= I 

/«! 0 


( b \ h+ . ..+m k fe+1 

^ i “Li 




m,! ’ 


(1.11.11) {k) F^(a,b ] ,...,b n ;c;c k+] ,...,c n ;x ] ,...,x„) 


(«L I+ „.+m„ 


.(S... fc.i m i ! »>.! 


and 


(1.1 1.12) {k) F^(a,a k+v ...,a n ,b v ...,b n -,c-,x^...,x„) 


- s 


(«L, k + i L-k) w >. 1,-^1. x r> a- •”* 


m i ,.,./n n = 0 






m | ! /»,, ! 


Chandel and Gupta [59] also introduced following five confluent 
forms of their above series : 


(i.n.13) c,;*, 


= I 


ip )/«,+.. .+m„ ^ 


xf 1 ' x” h 


■,+...+/»* A [ 'S; 


.^=0 (q) mi -kL n m x \ m n \ 


Jc^n 


(1.11. 1 4) gj^ (a, 6 t+1 ) 





v 

(«)*,+ 

...+m n fok+\ )/j] 


w, 


0 

( C l)m,"k 

,1. 

(1.11.15) 

CW2M, 

—,b„:c:x , 



Y 

(«),„, + 


~(U„ . 

nii 

A 
'«»= 

0 

Xij+...+w; 


(1.11.16) 



,...,x n ) 


DO 

Y 

(«L,+ 

-...+m k (^1 )m, • 

••U m „ - 


Prompted by this work Karlsson [128(a)] also introduced the fourth 
possible intermediate Lauricella function 

(1.11.18) ^ ^FcJ(p,b,b\,...,b/.',c,Ci. +i ,...,c n ,X\,...,x n ) 


- 1 


( fl )» 1+ ... + «. ( 6 )«* +I+ ... + » JI ( 6 1 )«, -fe )m k X? 


( C )n h +...+m k ( C k+\ )w i+! "*( C « )m H 


v_ V 

w, ! mj * 


Recently, Chandel and Vishwakarma ([84], [85], [86]) introduced 
and studied many confluent forms of the above series, defined by 


( 1 . 1 1 . 20 ) ) 







( 20 ) 



= X 

Wj =0 


= X 

ni] 0 


■ X 


x 



■*») 


..X 

1 (c* + i)„ w -(O w . m,\ 


3 (u, ®k+\ V? O n ,b 1 b/.,C,X | 


(«)«, + ... + , )„ w •■•(« J*. fa X, •••(< 

) (^)w] +...+ W w 




Wwi (^1 ) Wj m ‘fak \n k X j ! 

JC m> ' 
n 

0 (<4,, «|! 

m ir 

^{a,b x ,...,b n ;c;x\,...,x lt ) 


fa )« I+ ... + » 4 fa )*,-fa,)*. 

m„ 

V 

o (4,+...+*. w,! 

m n \ 

• ifltb, C\ c n , X| x n ) 


(«)m 1+ ... + m l fe) ra , + ... +m „ X”" 

x m " 

k 

o m i ! ” 

5 /l 

m„! 


k* 0 




, k & n 


, k'tn 


, A' ^ n 
in ,, ! 


The above multiple hypergeometric functipns, will be frequently 
used in our present thesis. 

Generalization of Lauricella’s Sereis. An interesting unification 
and generalization of Lauricalla’s multiple series and F ; ' ; " ' and Horn’s 



double series //, was considered by Erdelyi (1939), He denoted his series 

by H n,p. 

Srivastava and Daoust [197, p. 454] (also see Srivastava and 
Manocha [203, p.64, (18), (19), (20)]) considered a multivariable extension 

of the series . 

1.12 Extension of Most Generalized Hypergeometric 
Function of Srivastava and Daoust. As natural further 
generalization of the (Srivastava-Daoust) generalized Lauricella function of 
several complex variables [197], //-function of two variables of Mittal- 
Gupta [148] and G-function of two variables of Agarwal [2] (also see 
Chandel-Agrawal [39]), is given by Srivastava and Panda ([200], p.271, 
(4. 1); [195], p. 121, (1.10)) by means of the multiple contour integral 


. . tr(1 f[(a).0' 0 (,) ]: [(//): 

/ 1 1^ 1 V Tj 0 X : [m ' > v' . ;||i ,v ] l' ' V> \ 'l Z , Z 


(2:tco) 


rl 4 ♦, fe, Ufe Vfe, i M 1 .. ArfC, ..<.«>= 


where 


JJridU-sXjnrli-bM+tX) 

(1.12.2) = Vie {l,...,r}; 


(1.12.3) y(Cl Cr)=- 


nifi-^ + te^' 
./=! I & i 


n r a,- ie% hr i-c,. + SvVX, 

/=X-bl z-1 Jj~\ 


an empty product is inerpreted as 1, the coeffiecients Q { ‘\j = 1 A;§ ( f, 


( 22 ) 



j = \,...B U) ; \|/^,y' = l,...,C; bf,j = V/e {l r} are positive 

numbers, and X, v ( ' ^ X, Z? (,) , C, D (,) are integers such that 0 < A, < A,0 
<D { ‘\C> 0, and 0 < v (,) < 5 (i *, V/ e {l /-}. The contour L j in the complex 


^ -plane is of the Mellin-Barnes type which runs from -(poo to +co«= 
with indentations, if necessary, in such a manner that all the poles of 
r(^' ) -5 ( ; ) ), j - 1 |i (l \ are to the right, and those of r(l -h^ + (j) ( d^ i ) 

( r \ 


j = 


Id and 


l~ a j C, J, j = to the left, of L r the-various 

parameters being so restricted that these poles are all simple and none 

of them coincide; and with the points z.-0, V/e {l r}, being tacitly 

excluded, the multiple integrals in (1.12.1) converges absolutely if 


(1.12.4) | arg z] < -kA , , V / e {l,...,r} 
where 


B U] 


D u 1 


(1.12.5) I8«>0, 

,/=X+i j = i ;=v ,f, +i j = l j = I ,/=P (,1 +i 

V/e 


The above function is most generalized function of several complex 
variables and it will be used in the Chapters VIII and IX of our thesis. 

1.13 Generalization and unified presentation of 
polynomials. The orthogonal and non-orthogonal polynomials may be 
generalized in four ways; (i) by suitable generating function (ii) by 
rodrigues’ formula (iii) by recurrence relation or (iv) by differential 
equation. In the present thesis we shall make appeal to technique (i) only. 
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(i) By Defining Suitable Generating Function. 

The name “Generating Function ’’ was first introduced by Laplace 
[137] in 1812. If a function F(x,t) has a power series (not necessarily 
convergent) expansion in t, and it is of the form 

(1.13.1) F{x,t)=^a n f n {x) t'\ 

n = 0 

where a ;n=0,l,2,... be specified sequence independent of v and t then 
F(x,t) is called generating function of f n (x). 

In the study of polynomial sets, there is a great importance of 
generating functions. For the use of generating functions we may refer to 
Sheffer [179], Brenke [13], Rainville [171], [172], Huff [116], Truesdell 
[211], Palas [165], Boas and Buck [12], Zeitlin [226] and Gould-Hopper 
[106] etc., Recently Mittal ([146], [147]) and Panda [167] have also 
discovered many interesting and useful generating functions and operational 
generating functions for a large number of special functions (polynomials) 
of Laguerre, Hermite, Bessel, Jacobi etc. 

Singhal and Srivastva [ 182 ] studied a class of bilateral generating 
functions for certain classical polynomials. Also Srivastava-Lavoie [199] 
and Srivastava [192] presented a systematic introduction to and several 
applications of general method of obtaining bilinear, bilateral or mixed 
multilateral generating functions for a fairly wide veriety of special functions 
in one, two or more variables, Bhargava [10] used their theorems for 
obtaining some bilinear, bilateral and mixed multilateral generating functions. 
For more details of Generating functions see Chandel-Yadava 
([80], [82], [85]), Chandel-Sahgal [67] and Srivastava and Manocha [203]. 

In 1947, Fasenmyer [101] studied the polynomials (called Sister 
Celine’s polynomials) generated by 


(1. 13.2)(1 -tY p F q 


a v ...,a p ; -Axt_ 

bi V (l-O 2 



n~0 


-n,n + l.a , a p ; _ 

1. 1/2.6, b q ; j 



■ 
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Her polynomials include as special cases the Legendre polynomials 
P ( l-2x), Jacobi polynomials. Rice’s H n (j>,q,x), Bateman’s polynomials 
Z (x) and F„(x). For generalized Rice polynomials see Chandel and Pal 
[66]. Chandel ([25] to [28]) studied the generalized Laguerre polynomials 

f‘{x,r) (and the polynomials related to them) defined by 

(1.13.3) (l -t)~ c exp[- (r/(l - OX **]= X f‘ (x, r)\ 

11=0 

Agrawal [4] introduced the polynomials defined by 


(1.13.4) (l -pffexp 


r’xt 

6 ~Pt q ) . 




«=0 


and discussed the polynomials related to them. 

Further Panda [167] generalized above polynomials through 
generating function : 


1.13.5) G 7r~y = Xsii(*' r ' lS ) f " 


(i -*y 


11=0 


where c is an arbitrary parameter, r is any integer positive or negative, 
and 5 = 1, 2, 3,..., and 


C(^)=Xy„z'\(Yo 


n-0 


*o) 


Further Sinha [184] (Also see-Corrigendum due to Chandel [34]) 

. , _ 1 

studied special case of g)(x,r), when Y» 

For special interest Chandel and Bhargava ([47], [48]) studied an 


interesting special case of (1.13.5) when 


Y„ 


i]A 

n! 


(1.13.6) (l-^rt-'^VO-Oi =£r,f <) (A-,r < s)r 

w=0 



m 
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and introduced their associated polynomials. Chandel and Chandel [52] 
also introduced a new class of polynomials through their generating function 

DO 

(1.13.7) (l - pt q ) " dxtj (l - pt q ) | ~^jS„( x ’P> c i’ r ) t 
and discussed their related polynomials. 

The generalization of all polynomials of Louville [141] Legendre 
[140], Tchebychef (see [205]), Gegenbaur [103], Humbert [1 14], Pincherle 
(as stated in [114] and Kinney [129] led Gould [107] to define the 
polynomials, through generating function: 

(1.13.8) iC-mxt + yt m )' = ^t"P n (m,x,y, p,C\ 

H=0 

where m is positive integer and other parameters are unrestricted in 
general. 

Srivastava [192] considered the class of generalized Hermite 
polynomials defined by generating function 

J" 


(1.13.9) { :' ] {x)- r G(mxt-r). 

n-0 n - 


For its special case G(z)=e z , see Chandel [31]. 

Chandel and Yadava [78] unified the study of above two classes 
(1.13.8) and (1.13.9) by considering the following generating function for 
certain polynomial systems: 


(1.13.10) 


g(c~ mxt + yt q )= X S„ ( m ’ x > >',<7. C )t " . 


B=0 


Inspired by (1.13.6) and (1.13.8), Chandel and Bhargava [49] 
introduced a class of polynomials through generating function 


I C - mxt + vt'"\ 

r r xf 

A V' 

1 " 1 

(C-mxt + yt ) _ 


(1.13.11) 

= Yj B[ pq \m,x,y,r.s,c)t " , 

n = 0 

where m,s are positive integers and other parameters are unrestricted in 
general. They also studied their related polynomials. 


Further, to unify the study of four general classes (1.13.5), (1.13.7), 
(1.13.8) and (1.13.11) Chandel [35] introduced a class of polynomials 
through the generating function. 


“■ 13 - l2 > ^~ nm+y, ^ a W^G) 


= ^R‘’(m,x,y,r,s,cy 


and also discussed its special case when y n = (-lf/n! . 


Chandel and Dwivedi ([ 56 ], [ 57 ]) also considered polynomial systems 
through generating functions 


(c - mxt + yt m r G 


(c - mxt + yt" 


(c - mxt + vt"' J 


and discussed their special cases and related polynomials. 

To further generalize (1.13.10), Chandel and Yadava [79] introduced 
some polynomial system of several variables by means of generating 


function 


1.13.13) G(a 0 +a l x l t + ... + a m x m t"’)=J^ A Z;r a '" '■ 


and discussed their special cases. 

To further generalize (1.13.12) and the polynomials of Chandel and 
Dwivedi ([56], [57]), Chandel and Yadava [79] introduced a polynomial 
system of several variables through generating function 


i 
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( 1 . 13 . 14 ) («(, +«,-V + --- + a m xj m ) G 


r'xf 


( fl 0 + a \ X \ t + - + a m X ,/") 


= V »°< 

n,m,p,r,s 


. «=0 


and discussed their special cases. 

Recently Chandel, Agrawal and Kumar [41] introduced a 
multivariable analogue of Gould-Hopper’s polynomials [106], defined by 
generating function 


f’"l f m n 

(1.13.15, 


= exp[h{t"' + ... + C )][l + v(x,t, + ... + x„f M )] 
and discussed is generalization through generating function 
( 1.13.1 6) exp\li{t"’ + ... + 1” )}g[v(x,6 + ... + x n t n )] 

00 vWtj > IH n 

= sciu 

„„..3(=o mj 

Recently Chandel and Sahgal [68] introduced a multivariable 
analogue of Panda’s polynomials [167], through generating function 


(1.13.17) (l-i.r-d-^r- 


i- 


jc v m 

m m 




- VH b ' c » :rt , » ;s ' S "'H\ v V " 1 

- ”, n An — l m . 

where b,'c y...,c m are any parameters, /'| r m are any integers positive 

or negative while 5, are positive integers. 

They also considered its generalization through generating function 



and discussed other special cases. 


+ ... + ■ 


o -tj~ o ~ t m y 


n m =0 


Very recently, Chandel and Sahgal [69] introduced a multivariable 
analogue of Gould-Hopper’s polynomials [106] and Gould polynomials 
[107] through generating relation 


(1.13.19) 

th =0 


where M, M r are positive integers and , h t ,...,h r are any 

numbers real or complex independent of variables x t ,...,x r . They also gave 
following generalization of (1.13. 19) through generating relation 


/« i t ’h 

v rS m \ h r )( vV 1 Jl 

(1.13.20) Lg„U ...— 

0 n \ ■ n r ‘ 

= G{tn x x x t x + h x t^' +... + m r x r t r + h r t^')- 

Tiwari [209] gave another multivariable analogue of Gould and 
Hopper’s polynomials defined by generating relation 


X iAh, A r ;», v r .p)( ) M v_ 

11 », *, {Xv - ,m) n r- n ! 

n r =0 1 >' 

= exp[h x t'"' +... + h r t'"' ][l + v l x l t ] +... + v r x r t r Y , 

where all |r.|<l, h r v r k j and p are any real or complex numbers 
independent of all variables x,,...,x r , while all m j are non-negative integers; 
/— 1 r. 

She also gave its generalization, defined by generating relation. 


(29) 


/?! =0 


/ v f n \ f n ' 

? (/?i ;w, m r ,*v, v r )^ 

? 2 , / n ! 


(i.n.22) '■’(* 


■exp h/"' +...-Wf,C' }j[v,.v( + .. + v .T ( 


where 


(1.13.23) G(z)=Ilz” Y„^0 

»r=0 

Further motivated by above works Chandel and Tiwari [71] 
introduced another generalized multivariable analogoue of Could and 
Hoppers polynomials [106], defined by generating relation: 


/I n r>A< V m ' :V > ''' :P Hr Y )A_ h— 

(1.13.24) 2J\ ( m n i " n l 

n, n r =0 “I- 'V 

= [l + VjXjfj + ... + v r x r t r ] p G(hj’”' +... + h r t "' r ) 


where |? ; .|<1 and all parameters h j ,v i ,p are unrestcited in general but 
independent of all .x. , while m. are non negative integers; /- 1 and 
g(z) is given by (1.13.24). 

Motivated by above work, in the present thesis we shall introduce 
multidimensional polynomials through thier generating functions and study 
them in Chapters II and IV). 

1.14 Lie Group Theory. 

The theory of continuous groups or as they are now called, Lie 
groups, was developed by Lie [138] in connection with the integration 
of systems of differential equations, towards the end of 19th century. 
Giving due recognition to its importance I nee [119] demonstarated in his 
exhaustive treatise that the heterogeneous mass of knowledge regarding 
integration of differential equations can be coordinated in a striking way 
by means of theory of transformation groups. Using this theory it was 
established ([119], p.104) that for a differential equation in two variables, 
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invariant under a known group, an integrating factor may atleast theoretically, 
be found and thus its integration be made possible. However, from the 
standpoint of special functions, the result which has still greater significance 
is as follow ([119], p.97). Every one-parametric transformation group G 
in two variables {x,y) contains a unique infinitesimal transformation U and 
in terms of U, the fnitie equations of the group are 

( 1 . 14. 1 ) x { =(exp Ut) x and y x =(exp Ut) y, 
t being the paremeter. 

Further more, variation in a function / ( x,y ) under the corresponding 
finite transformation is given by the eqaution 

( 1 . 14 . 2 ) f (x v y x ) = ( exp Ut) f (x,y). 

This fundamental result was destined to contribute substantially in 
application of group theoretic methods to the special functions. But it 
appears that due consideration to this techinique was not given for quite 
a long tiine. The much awaited break was provided by Infeld and Hull, 
in their classic paper “The factorization method” ([120], 1951). They 
established that certain classes of second order differential equations can 
be factorized as product of two first order differential operators, the first 
order operators giving rise to recurrence relations for eigen functions of 
those second order equations. This historic research work laid the ground 
work for Lie theoretic approach to the special functions. 

In the factorization method a single second order differential 
equation is replaced by a pair of equations of the form 

( 1 . 14 . 3 ) L:,f n =f n ^L-J,^f nA , 

where V n and L n are first order differential operators. 

It was found that these first order operators V n , U n together with 
some additional operatiors can be identified with certain Lie algebras. The 


special functions, then, emerged in dual capacity as the basis functions 
in representation space for these Lie algebras as well as the matrix 
elements in the induced Lie group representations. 

Soon after, taking cue from this method Wigner, Weisner, and 
Vilenkin, applied Lie theory and group representations to the Study of 
special functions. 

Winger, and Inonu ([221], 1953) constructed representations of 
Euclidean group of the plane E 2 as a limit of representations of the group 
of rotations in three space, O v and obtained elements of representations 
of the former group (Bessel functions) as limits of representations of the 
latter group (Jacobi-functions) by method of contraction. 

Taking note of the inherent connection between the differential 
recurrence relations and differential equations satisfied by a variety of 
special functions, Weisner [218, 219, 220] derived an ingenious method 
of obtaining generating functions. He started with the ordinary differential 
equation 


(1.14.4) ^ -V — r = 0 


for a given special function V n (x) and constructed a partial differential 
equaiton 


1.14.5) 4*’Jp>V|' W )-0. 


After this, his method consisted in finding a non-trivial continuous 
group of transformations under which (1.14.5) remained invariant and using 
this group to obtain solutions of (1.14.5). These solutions yielded the 
generating function for the solutions V n (x) of (1.14.4). 

In perspective one can claim without any reservation that Weisner ’s 
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method has definitely proved to be one of the most effective methods 
for obtaining generating relations. 

Vilenkin [212, 1956] demonstrated that the faithful irreducible 
unitary representations of Euclidean group in the plane E v with respect 
to a suitable basis, have matrix elements proportional to Bessel functions 
of integral order and obtained some properties of Jacobi polynomials [213, 
1957]. He and his coworkers Akin and Levin [214, 1957] then computed 
matrix elements of the unitary irreducible representations of E & the 
Euclidean group in 3-space. The matrix elements turned out to be spinor 

valued solutions of wave equation (V 2 + w 2 ^|/(r) = 0 and are of wide 

applicability in theoretical physics. Later on he employed [216, 1968] the 
irreducible representations of three groups, namely, the group SO (n) of 
rotations of n dimensional Euclidean space, the group SH (n) of hyperbolic 
rotations of n dimensional space and the group of motions of (h- 1) 
dimensional Euclidean space to derive new special functions 

pf‘ v (cos 8), B’f nj (cosh 0) and J^(x) which turned out to be generalizations 

of Jacobi polynomials, conical functions and Bessel functions respectively. 

The brilliant researches of these mathematicians received impetus 
at the hands of Miller and Kaufman. Miller [149, 1964] showed that six 
distinct types of factorizations classified by Infeld and Hull [120] are 
obtainable from a study of representation theory of four Lie algebras; the 
Lie algebra of the Euclidean group in 2 and 3-spaces, the Lie algebra 
of rotation group in 3-space and a certain 4-dimensional solvable Lie 
algebra. He also derived recurrence relations and generating functions for 
hypergeometric, Bessel and parabolic cylindrical functions by representation 
theory. Then he extended [150, 1968] Lie algebra representations, 
discussed in [149] to irreducible representations of corresponding Lie 
groups and obtained the hypergeometric functions as the matrix elements. 
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Later, choosing the six dimensional algebra T 6 of complex Euclidean group 
in 3-space, Miller in a series of three papers [152, 1 53, 1 54] showed 
that irreducible representations of corresponding group yielded identities 
for Whittaker functions, Bessel functions, Gegenbauer polynomials and 
Jacobi polynomials. 

In his quest for achieving unification in the theory of special 
functions Miller concentrated mostly on Lie algebraic considerations. On 
the other hand Kaufman, [124, 1966] found it more suitable to desist 
from overall classification. She took the known families of known special 
functions and their differential recurrence relations as given. From each 
set of recurrence relations she generated the corresponding Lie algebras 
and derived various expansions. 

By this time, a marked upsurge in the interest in this field could 
be witnessed. In 1968, three outstanding books [151], [208] and [216] 
dealing with generating functions concept from group theoretic point of 
view were published. These books played a significant role in earning a 
wider acceptability for the new approach. 

Following the method of Weisner, Vishwanathan [217, 1968] 
derived generating functions for ultraspherical polynomials using a three 
dimensional Lie algebra. 

Orihara, [164, 1966] thought it to be more appropriate to treat 
Hermite polynomials by representation theory of infinite dimensional group 
of motions Kono, [126, 1966] also derived various known formulae 
for Hermite polynomials. He showed that matrix elements for representations 
of G were the limits of matrix elements of representations of finite 
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dimensional Euclidean groups of motions investigated by Vilenkin [212], 
[214], [215]). 

Rayko [174, 1966] derived some properties of Hankel functions 
from the representations of group of motions of pseudo Euclidean plane. 
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Tretjakova [210, 1969] derived explicit formulae for the generating 
function of the matrix elements of unitary irreducible representations for 
SO (n) (n >3), discussed earlier by Vilenkin [214], Stolov [200] derived 

asymptotic expansions for the classes of functions P^ nj { cosO), B 1 ^ (coshO), 

J" mi (x) introduced by Vilenkin [214], Cukerman [88, 1974] also continued 

the work in the same field to arrive at the differential equations for 

functions P^ nj (x ) . By studying the action of certain second order elements 

of the centre of the enveloping algebra, Rozenbljum, [175, 1975] derived 
systems of second order differential equation for matrix elements of the 
group SO (n) , SO (n , ( and the group of motion of n-dimensional Euclidean 
space. 

While Russian mathematicians were mainly influenced by works of 
Vilenkin, the researchers else where concentrated on Weisner’s techniques. 
Defining two infinitesimal differential operators on the basis of recurrence 
relations obeyed by a given special function, Chatterjea ([20], [21], [22], 
[23]) designated them as raising and lowering operators as suggested by 
Kaufman, to obtain generating relations for Laguerre, Hermite, Gegenbauer 
and simple Bessel polynomials. Das ([89], [90], [91], [92]) also obtained 
some bilateral generating functions of Jacobi, Hermite, Laguerre and Bessel 
polynomials by the same method. Adopting more or less same technique 
Saha ([23], 1977) derived certain generating functions for the generalized 
Bessel polynomials. 

Kyriakopoulos, ([132], [133], 1974) used Lie algebra D, with six 
operators instead of 3-dimensional Lie algebra which was used by Weisner 
and Miller to treat hypergeometric functions. Wong and Kesarwani 
([222], 1975) used (p+3) dimensional Lie group K p+3 and obtained 
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identities of the generalised hypergeometric functions F . Chiney ([87], 
1 976) established an addition theorem for associated Legendre functions. 

Manocha, [142] and Manocha and Jain [143] made small 
modifications in Weisner’s method to derive several new bilinear and 
bilateral generating functions. Whereas in classical Weisner’s method [218] 
the Lie group operator was made to act on solutions f(x,y)= V (x)y n of 
the paiti'al differential equation associated with given special function 
W. Manocha choosed/(x,y) as common eigen function of the Casimir 
operator and of an element of the enveloping algebra of Lie algebra SL( 2). 

Lie theoretic approach to special functions attained a new dimension 
through the work of Patera and Winternitz ([168], 1973) when they 
stepped outside the class of hypergeometric functions to cover Lame and 
Heun polynomials. Pham Ngoc Dinh, Alain ([169], 1974) extended Patera- 
Winternitz method to Mathieu functions. Subsequently he derived addition 
formulae concerning Mathieu, parabolic cylindrical functions and Bessel 
polynomials [170], 

In early 1970’s Miller came out with two truly note-worthy papers 
([155], 1973; [156], 1974) on the study of generalised hypergeometric 
functions and Meijer’s G-function by representation theory. Starting with 
an abstract Lie algebra and its realization in terms of Lie derivatives, he 
obtained generalized hypergeometric functions F ’s as matrix elements in 
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the corresponding group representation. He also derived a number of 
formal identities satisfied by these functions using Weisner’s method. Later 
confining himself to the particular case of Gaussian hypergeometric 
functions 2 F, and its dynamical symmetry algebra he used identical 
techniques to arrive at some important identities for the same. Continuing 
his work on applications of machinery of representation theory he used 
dynamical symmetry algebras of various many variable generalizations of 
hypergeometric functions namely Appell’s functions, Lauricella functions 



etc. to derive a variety of results for these functions ( [157], [158], [159] ). 

In addition, number of researchers, Ikeda ([117, 1967; [118], 
1975), Zalgapin ([225, 1972), Dunkl [95, 1975], Takahaslii ([207], 1975), 
Holman, Biedenharn and Louck ([112], 1976), to name a few, have 
enriched the literature on the subject by their valuable contributions. 

An entirely new field in application of Lie theory to the special 
functions was opened up by Winternitz and Fritz ([21 1], 1965), with 
introduction of a group theoretic method for separation of variables in 
the principal partial differential equations of mathematical physics. 
Generalizing their methods Miller, initially alone ([160], [1 61], 1974) and 
then in collaboration with Boyer and Kalnins ([16], [17], [18] ) has produced 
a series of papers relating symmetry groups of these linear partial 
differential equations and the co-ordinates systems in which variables 
separate for these equations. In these papers they have applied representation 
theoretic characterization of separation of variables for the derivation of 
various physically significant identities. 

Recently Kalnins, Manocha and Miller ([121], [122], [123]) have 
carried application of Lie-algebraic technique in study of two variable 
hypergeometric functions still further. They have demonstrated that the 
thirty-four functions defined by Horn [111] indeed arise by separation of 
variables in certain important equations in mathematical physics just as 
1 -variable hypergeometric functions do. 

In the present thesis in Chapter VII, we shall extend general class 
of generating functions through group-theoretic approach and also make 
their applications. 

1.15 Applications of Special Functions. For 
applications of Special Functions in mathematical physics for mixed 
boundary value problems one may refer to Sneddon [183]. Chandel [36] 
discussed a mixed boundary value problem on heat conduction and 


determined the temprature at any point on the surface of sphere by solving 
dual series equations involving the Legendre polynomials, Chandel-Bhargava 
[51], Chandel-Dwivedi [58] and Chan del- Yadava [81] di cussed a problem 
on heat conduction employing generalized Kampe de Feriet funciton of 
Srivastava-Daoust [196], Srivastava’s hypergeometric function of three 
variables [189], and multiple hypergeometric function of Srivastava-Daoust 
[197] respectively. 

Chandel and Bhargava [50] discussed a problem on cooling of a 
heated cylinder using generalized Kampe de Feriet function of Srivastava 
and Daoust [196] Chandel and Gupta [64] used multiple hypergeometric 
function of Srivastava and Daoust [197] in the solution of a problem on 
heat conduction in a finite bar, while Chandel and Gupta ([59], [60]) made 
applications of multivariable //-function of Srivastava and Panda defined 
by ( 1 . 12. 1) in the problems of heat conduction and in cooling of a heated 
cylinder, respectively. Chandel, Agrawal and Kumar [40] used multivariable 
//-funciton of Srivastava and Panda in problem on electrostatic potential 
in spherical regions. Further Chandel, Agrawal and Kumar [42] evaluated 
an integral involving Kampe de Feriet function and multivariable //-function 
of Srivastava and Panda, and then applied it to solve a problem on a 
circular disk. Chandel, Agarwal and Kumar [44] also used multivariable 
//-function of Srivastava and Panda in Fourier series. 

Further Chandel, Agrawal and Kumar [45] made application of 

Lauricella’s F^ ] in determining velocity coefficient of chemical reaction. 

Chandel and Tiwari [72] employed mutliple hypergeometric funciton 
of Srivastava and Daoust ([196], [197]) to solve two boundary value 
problems on (1) heat conduction in a rod (ii ) deflection of vibrating 
string under certain conditions. Very recently, Chandel and Singh [75] 
employed multivariable polynomials of Srivastava [195] and multivariable 
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//-function of srivastava and Panda ([200], [201]) to solve two boundary 
value problems under certain conditions. Here in the present thesis in 
Chapters VIII and IX we employ multivariable //-function of Srivastava 
and Panda ([200], [201]) and generalized polynomials of Srivastava 
[191] in two boundary value problems 

1.16. A Breiff Survey of the Chapters. 

In the Chapter II of the present thesis, we introduce Multivariable 
generalized polynomials defined through multilinear generating functions. 

In the chapter III, we derive generating functions for multiple 
hypergeometric functions of several variables through operational techniques 
and their special cases are discussed. 

In Chapter IV, we shall introduce some associated polynomials 
defined through their generating functions. 

Chapter V deals with generating relations, Taylor’s series and 
Maclaurine’s sereies expansions of hypergeometric functions of four 
variables. 

In Chapter VI, we establish generating relations, Taylor’s series 
and Maclaurine’s sereis expansions for multiple hypergeometric functions 
of several variables. 

Chapter VII introduces a general class of generating functions 
through group theoretic approach and discusses its applications. 

Chapters VIII and IX discuss the applications of multivariable H- 
function of Srivastava and Panda and generalized polynomials of Srivastava 
in Mixed Boundary Value Problems. 
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MULTIVARIABLE GENERALIZED 
POLYNOMIALS DEFINED THROUGH 
THEIR GENERATING FUNCTIONS 


2.1. Introduction. GouJd [2] considered a class of generalized 
Humbert polynomials defined by 


where m is a positive integer and other parameters are unresticted in general. 

Further in order to unify several hither to considered polynomial 
systems belonging to (or providing extensions of) the family ofclassical Jocobi, 
Hermite and Laguerre polynomials, Panda [3] introduced polynomials 

jg‘ (x,r,s)!« =0,1,2,...} generated by 


where c is an arbitrary parameter, r is any integer, positive or negative and 
5 = 1,2, 3, 

On the other hand Srivastava [4] considered a class of generalized Hermite 
polynomials defined by the generating function 
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(2.1.4) G(2)=£y„2". Y„*0 

«=() 

and m is an arbitrary positive integer. 

To unify the study ot these three general classes of polynomials defined 
by (2.1 .1), (2.1 .2) (2.1.3), Chandel [1] considered a generating function 


(2.1.5) {c-mxt +yt'")’G 


[(c-mxt +yt m ) 




H=0 


where m, s are positive integers, other parameters are unresticted in gernal 
and G(z) is given by (2.1.4) 

Motivated by (2. 1 .5), here we consider the polynomials 

te Zt : [* Uv ] M [d M) |«, =0,1,2,...; i =1, ...,«} 

of several variables defined through generating function 
(2. Lb) (c, -mx x t x +y i t"" )\..(c„-m„x„l lt + y„C)’" 


n j St 

'i Vi 


(C, - w.x/. + 


■ + ...+ 




TiC)' (Cn-m n x ,h + y,,c)' 




n j =0 


where G(z) is given by (2.1.4) and m., s. (/=!,. ..,n) are positive integers and 
other parameters are unresticted in genral. 

For n~ 1. (2.1.6) reduces to the linear generating function (2. 1.5) due 
to Chandel ([l],p.l86, (1.5)). 

For brevity, throughout our investigation we shall write 
as R ( *: n * n) only. 

2.2. Explicit form. Starting from generating relation (2.1.6), we 
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have 


iKt; 




K =0 


v ' 1 y /‘ ¥ i 

/] Aj/j 




'VA/:." 


.fo -"it/i+yf!" f (c„ j, + >',/;• f 


fc - »W, + J’,0 )" -(C. - msj. + f 

*1 *„«0 K x L.X n ! 


k"x„ f {C„ ~ m n x„t n +y„C t* 


: X X Yt, +-■<-*, %7 ' T7 j ' v„ A -r,A,,C, l./ 


p ,,„ k - *„ - - a, - 'A • Q Xa' 1 *J ! .. a, ' 


i+.ViA’i ^ n lt +s n k„ 




=0 A |=0 A„=0 


kjL.JtJ 


Thus equating the coefficients of t ” 1 both the sides, we derive 


the explicit form : 


h /s il k'-'J (i. . i i V 

(2.2.1) R C-X = X- X V-+*. " A 


A, =0 A =0 


K * A - y« ’ A, - r «K . C„ Vi ' 1 * 1 -jf" X,; , 

where P n {m,x,y,p,c ) are generalized Humbert polynomials defined by Gould 
[2] through (2. 1 . 1). 
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2.3. Other Applications of Generating Relation. 

Making an appeal to generating relation (2. 1 .6), vve derive 


(2.3.1) & «, n„ 


(P\+P'\ P„+P’„) . 


E •• • E si'hf' % ("*i • - v i ■ .v, • p , . c, ) 


- p „ n -kM n ,x n ,y„,p„,C„) 


(2.3.2) ) = E-E p *> (»*■ - *1 • a > a - a, - c ) 


■■■ P lS m n’Xn>y„-Pn-P' n Z,,). 

2.4 Recurrence Relations. Making an application to generating 
relation (2. 1 .6), we obtain the recurrence relation 

(2.4.1 ) = (c, + . . . + ^ -v, +...+ 


m i x i R „, -i,„„ 


+ v R\P\ P'l + + v 0^ 


which for brevity can be written as 


(2.4.2) +1, =(c,+...+c fl Wxt ' ) + E m i x ‘ Jte# L 


+y v / f 1 '’ 1 / ’- 1 

' -i 3 ; lv ;i 5 ,n, ■ 


2.5. Differential Recurrence Relations. Differentiating (2.1 .6) 
partially with respect to x,, we have 


(2.5.1) 2, J x 
«, «„=o ax 




=0 
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: C, - m x x x t { + y x t' x ' f’ r ' H (c 2 - m 2 x 2 t 2 + v 2 t 2 : )’ 2 ...(c„ - m, s x n t„ + y„C 


[C, +n W f(r ] -l>f +1 + ytft^"'' \g' . 

Also differentiating (2.1.6) partially with respect to we get 


(2.5.2) X(«. +m t x i p l 




n, =0 


»! ~0 


- (c, -m x x x t x + y x t" h )' ' (c 2 - m 2 x 2 t 2 + vs?"’’ )” J ...(c„ - m u x i j li + y n t"‘" f" 
-mtfxfc -l ),* 1 -X x y x r x r '{m x r x -s' 1 ) 1 '" i+ ' V| ' , ]g' . 


Eleminating G' from (2.5.1) and (2.5.2), we derive 


(2.5.3) 




/h p "\ 


/?, -0 


») — o 


C/ft; 1 +TO 1 x 1 r, ri (r I -l>/ ,+1 + y 1 qX ,+ "" j 


x +>»,p, ixrxr 

«, «, «„ =0 


.Qi^'iVi'’ 1 - m/ x 'x]{s x - l), 5 ' --w/' 1 {m.r, - .s’, >," ,|+, ' ri . . 


Now equating the coefficients of t "' both the sides we finally derive 
the differential recurrence realtion 
(2.5.4) c,r,(«, -5, +l)/?^;;^ n> +»i|.v (/-, -lX"i 

+ ~ s \ -»h +l ) R ^-z~’>h +,.» ; »„ + c,/f ] 
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■•'P n I 
n -i n„ 




l* 3 ! iA /?j-.vj+l,H 2 "*rl 


m,r. 




3 y, 




+ mp\C x r(- ] ~ -Wi'' m i p x (m,r, - s, , 


which further suggests ^-differential reccurrence relation in the following 
unified form : 


( 2 . 5 . 5 ) <y,(», -^, + l)«fce^ ,'+m,xtf(r,-lfr,-s, )Rp/:l r ,.,,. ,, 

+ v,/-'’(n, -s, ^ **rtmw,K*z££!!£Z 


p« I 


+ nfxf rp Pj (p - + m r x <y,Pi f f R t 


p,a p t/i, , p „ ) 

- ,/i, -v.. -■ w. ..... // 


= c tf x i s i R t:Z’l-s,*u M „„ - »»/<■ -vf - 1 )“ 


-y v r r ‘ (m r -<s )—R ip p " ) +m n c r r v v p 

A /> i'i \ m i f i 3 / / 0 A « { ,«,• -BI; ~*.Vj + l,/i. *, « l; ^ ttl if J i L r i A < y iv n , ]l} . -v 


-/«r^ X( 2 ( 5 . - - w/- ("v, - *,• Kf^'' 


/=i 

Now further differentiating (2. 1 .6) partially with respect to y, , we have 


(2.5.6) p, E 

in 0 «j =0 


:r, r|+1 x/f +ra '^, -w,.Y/, +y 1 f"' i ^“'(Ch +>' ^2" 








iMMm 




-\ c n-^ n x„t n +y n CVG'- 

Thus eleminating G' from (2.5.2) and (2.5.6) we obtain 
(2.5.7) i>. '-C+™, ^.P, 

3 H, n n ~Q 


r, s ' +l x,t!' +m ' 


= bX'*^tr' ~ m i r \' x \i s \ -l}, S| -x 1 v 1 /', , ' ! (m 1 r I -s,),' 


H V /?(pHP 2 .---P«L»i f«n _ V — -- 

1 Zw A n,,..V» n Z ! ** / /- 

Hi ii„, — 0 ^ } 


Now equating the coefficients t"' ...t“" both the sides, we establish differential 
recurrence relation 

(2J.S) r,fe 


--C DS R (p '~ X - Pi p 


■ m \P\ r \' ^ i ~ i) v i 2 ^if-»! p 




jW«Vi 

or. 


+ ?«, ( 5 , - 1 ).\- i ~ + ton - )>’( y" ! , , 

oVi ■ ov. 


which suggests ^-differential recurrence relations in the following unified form; 
(2.5.9) r f (», - s, - m, + 1 + i „ w! + W”, Pi - »■ ti''’! 




/o . 1 Yw- DV/-»| /-' 


I 
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V- V- (fflT — $ -"’Pi-l’Pi '^Pi+l '■"■■Pn ) ^ p(pi Pn) 

y,P, V’Vi *i J R n 2m i -* ( +l,» (tl c Pi ^ 


+ ^ + 0™ - *, ) v, ~ <■ 




2.6. Special Case I. 


_(-!)" 


For Yn = — ’ * our P ol y nomials 1 i 1 i r 1 ^ I ^ 3) are 


reduced to the polynomials ’ ([w \[x\\yl [r \ [s ], [C J) defined as 


(2.6.1) 1 flm 1 [x ], [v 1 H [s ], [c ]) 


"C P „: {m x ,x x ,y x ,r x ,s x ,C- X \.C£ (m„ ,x„ ,y „ , r„ ,s„ ,C „ ) . 


where C%(m,x,y,r,s,C) are generalized polynomials due to Chandel ([1], 


p. 1 87 (2.3.1)) defined through the generating relation 


(2.6.2) ( c - mxt + y {m f ex P - ■ 


■ mxt + v? 


i,x,y ,r,s,C)t r 


as special case of (2.1 .5). 


2.7 Special Case II. For Y„ = — (2.1.6) defines polynomials 

n ! 


B [ n' P '.’i’ P " '(I/ 72 1 [ x I L y \ [ r i [■* \ [C I) by (multilinear generating fundi or 


I 


! 


# 


n 
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( 2 . 7 . 1 ) (c, - m x x x t x + y,C f . . ,(c„ - m„xj n + y„C 


1- 


r " v 

n x n 1 n 


1 ±I£__ + , 

(c,-, ?v v I + y,,| )' (c„ - m„x„t„ + y„t'”" )" 


b 


= S (fcr'-'WWW H H [cK 1 ...<;■ . 

/7j =0 

For brevity through out our investigations we shall write 

only, for B^]- p "\m\[x\\y ],[r],[4[c]). 

2.8. Explicit Form. Starting from (2.7. 1 ), we derive the following 
explicit form : 


( 2 . 8 . 1 ) 


lV*il («» •'•.] (/,) 

B !ZX P " = E" E T7T7 P 'U ~^ (» l n W. ,/h -r.A-, ,C, ) 


# Ci k { \..k„\ 

i m n’ X n^y niPn ~ , nk„,C n )h 'S " J n X n • 

2.9 Other results. An application to generating relation (2.7.1 ) 
shows that 


(2.9.1) B 


{b+b\p l +p\. v ..,p n +p , „) _ 


iii n | 

V V £? to 1 />« ) D ' b "p ’ ! /•> ’« ) 

Z^***Zw ^ 


}M|Si 

MM 

lite 


— L 

: 

!«t§i 

||| 3| 

j||fj 






*. =0 *■ =0 


(2.9.2) Biz? •te&.'i.HwVf,) 


A' , =0 A' =0 




and 
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, . "i m k, 's„ 1 

(2.9.3) Bt:z "’-s-l Z- £ 7T7T'-.''*'..i'.'-‘-.v;'...v,i- 

C/,-0 </=() jt.=0 A- =0 /C * ! •■-/v I 


^"l-V ■A,-V„^?|-fc r S| ( ffi I ,X 1 >- V l ( W n ' X n >>’ n “ , n/ , « ) • 

2.10 Ditferential Recurrence relation. Differentiating (2.7.1) 
partially with respect to x, , and equating the coefficients of t"' both the 
sides, we derive 


C 2 - 10 - 1 )^ 


B 


( h > Pi Pn ) 

n x n„ 


+^p i Biz;x ,p ' )+bm i t pJ 


-hr r r> P» -n d(*+I.'Pi-'-i-I.P: p.) 

_yc r< ». +0 /i6 rs ih „ Si _ nh ,, 2 n< 


which suggests /7-results in the following unified form : 


(2.10.2) K : , P X ' P " 1 + WKXS- 


n„ 




= b c r r ' B ^ +1;P| P’-i'P>~ r <- ] 'Pi+\ Pn) tUy r r> B />m •/•>,- ~ r * ~ ] ’P>* p » ) 

u i ’ i u Aij /*y_j ,Hj -s t ,h (+) n„ 'U} j/j U _ S( _ w . , ?w > 

i= 1, 

Further differenting (2.7.1) partially with respect to x, and equating the 
coefficient of t," 1 ...r"" both the sides, we obtain 

(2.10.3) (»,+i + 'w,BZ':;! n '■ ’ 

+ bifx 

which suggests n-reccurence relations in the following unified form : 

(2.10.4) Jk+x)fes!^ +«WP^X**-* ! 
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= brp x,\s.c.B ) + rx . m B p,,;k -n-\. Pz P . ) 

7 1 *- 1 1 n \ ' n i ~~ s i ”*' w n Wi ~S, ./?, ,| 


- v (/' m _^,) 5 j fc+l ^’ p.; 

- > v *' * *' «I ,/J, - Wj -.v, ,/j; + j. 


9 /=1 


Applying the techniques of the result (2.5.4) we also derive the 
differential recurrence relation : 


(2.10.4) cA» t +iK-s\Z:U + w/f -1X«, 


+ ytf (". «. 


•+ m fx ,Vp, fo - 1 + m > x * 1 


r r r i r v _ />* ) _ mr *\ y“ (c - 1 R ( - h; Pi /•’- 

C V\ X l S \ ^ /J « i - A « 1 +1 ./i 2 »„ m/ l *1 V s ! 


Sjc, "" 


-x { y x r{' (m,r, +/ Wl ^ 


- w, 


! f r/'x ( a(s," 1 _x i>VV m \P\ {m x r { -s , )5,^; 
which suggests ^-differential recurrence relations in the foil owing unified form: 
(2.10.5)c / r j (n i -5, +l)5^;“,- s , +l , +m < x^ r ' (/; -lX«, -s, s „„, tI 

+ v, -5,. —m, «„ +0,^* 1 

+ inf xf rp p, {r t - "H-m* 'flZZ* 


--cppXiS, 


_jL T>\h-,p t ..... Pn ) _ 

0 




. v- „ ~n \JL d(*;p p.) - .. d^-p,-~p..,-p,-^pm ft • 

X iy^i \Wi 1 iPi i i X Pi /j, ..., 


./l; -.S', +« i+ , W„ 








llil 

ftjRyj 
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-mfrpxfp.is- -1 )B^' iP "" Pi -" Pi v r '. m D ( m r 
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CHAPTER -III 


L GENERATING FUNCTIONS THROUGH 
OPERATIONAL TECHNIQUES 

The aim of the present Chapter is to ellustrate the application of 

differential operator A — x(k + xD\ D — -j- to derive an intersting generating 

relation for generalized multiple hypergeometric function of Srivastava and 
Daoust ([11], [12], [13]; also see Srivastava and Karlsson ([14,p.37, eqns 

(2.1) to (2.3)), with its special cases among others for Lauricella’s [8], 

its confluent form 0^ and for hypergeometric function of three variables 
F 3 ( x,y,z ) of Srivastava [10], 

3.1 Introduction . Garg [6] used the following operational formula 
due to Mittal [9] : 

00 z n (l + v) a+1 

(3.1.1) T^j(x) = — — M 1 + v)] , 

«= o m 1 _ P V 

where v = xz(l + vf +] , P being a constant, /(x) admits a formal power series 

in x, T k - x{k + xD), Ds- and T* means that the operator T t is repeated 

n times, in obtaining a known generating relation due to Srivastava and Panda 
([ 1 5],p. 130, eqn. (4.3)) for multivariable //-function of Srivastava and Panda 
([15], [16], [17], also see Srivastava, Gupta and Goyal [18]) obtained through 
quite different non-operational technique. 

Our present Chapter shows the importance and util ity of the differential 
operator T,, in obtaining the generating relation for generalized multiple 



hypergeometric function of Srivastava and Daoust ([1 1 ],[12],f 1 3]; also see 
Srivastava and Msson [14,p.37, eqn. (2.1) to (2.3)). It also presents its 
interesting speical cases among others specially for Lauricella’s F™ [8], its 

confluent form and for triple hypergeometric series F l3j of Srivastava 

[ 10 ]. 

3.2. Main Generating Relation . In this Section, we derive the 
following generating relation for generalized multiple hypergeometric function 
of Srivastava and Daoust ([1 1], [12], [13]) by operational technique : 

,,, n Y — (a+R/j) p <■■■■< 6 lr) ], [a + (|3 + \)n : o,,...,(j ]: 
(3.2.!) Z, (a+pn^F (rl f Mir _ i 




],[a+p 




1-..; fe'lrl; , v,. h V,) 

provided that v = t(l + vf H , |z.|<l, o, >0, and 


C D {> 


A 






H j = 1 H 


Proof. In (3.1.1), choosing 


(3.2.2) J W ^C.D' -D {r) ...(;■)] \l oil if ,,• ) 1 3 !- 




where * s generalized multiple hypergeometric function of Srivastava 

and Daoust ([1 1],[12],[13]) and a>0, i=l,. 
we have 

,, „ ,. (1 + v) a f a : b ^{\ o )- 9’,-, e (r) l [(&’): % r ): 4>' 1: 

) !-P v C:D ---; D,r, [|c):v , v..,V (r) ][(rf , ):8'];....;|rf r ):5 r ]; 























7,x O| (l + v) 0 ',...7 r x a '(l + v)° 


£lr „ W- {//): f 




VjX a ' f ...y r x Gr 




= S~ X 
«=0 


^ $ { ( , B* 

n (“j ( 6 '/ U -ii (*; i 

7=1 _jM * >1 

n ( c j ( +...+ mr n L s 1 

7=1 7=1 7=1 




where v=x?(l+v)P +l 

Now making an appeal to (3.2.2) and 

(3.2.4) 7)" {r Y }= (k + y) n x y+ ” , 

we obtain 


(l + vf 




^ 3 - 2 - 5) T^b7 C:D ' ; -" ; 


1(c): V'.-. v , '' ) J[(7'):5'1....; $/'): 5' J; 


y x x a ' (l + vT' ,.~,y r x a ' (l + vf' 


n - 0 n ‘ 0 


n ( a j L.e* +...+»i r 8 , , r) n ^ j L ( $', -n ) nJi o'. * 

7=1 7=1 ' 7=1 

n ^ c i L lV - +...+m,.y\ r) n j , n k/ L, s': 

,/=i y=i >i 




11 
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generating relation (3.2.1) reduces to 


- - 4 + 1 : 5 ';.,.. 
C+I:D';...;£> (r > 


3.5 Special Case. When o 
paramters, (3.2.1) gives : 


0 f -l and specializing other 



(3.3.1) gives 


(3.5.3) 'Z~(a)A r) (oi + n,b ] b, 

>i=0 W/ 


k a + n,b ] ,...,b, 


while (3.4.1) gives 


where v=t( l+v)P +1 , is fourth multiple hypergeometric function due to 


Lauricella [8] while (j)*'/ is its confluent form 
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3.6. Other Special Cases. 

CaSe When r=3, °i =0 2 = °3 =1 and specializing other paramters, the 
results O- 2 - 1 ), (3.3.1) and (3.4.1) reduce respectively to 

(3 6 1) y-(a+«p) 

n=o n - " [if W P” : (g); (g), (g") : (/;); (//); (//'); 


(1 + v) a F (3)[ («)• (6); (6'); (6'0; (c> (F); (c"> 


i“P v LC/')- (g)/(g 0 - (g"): {h);(h');(h"); Zl ^ + V ^ 2 ^ 1 + v ta0 + v ) , 

tvhere v = r(l + v) 3+l and F (3) is generalized hypergeometric series of three 
variables due to Srivastva [10], 


n f- r , f £l( a ) F (3)[(4a + « : (6},(6'},(F): (cHc’Hc"}. 

( ‘ ^ hn\ K )n L(/),a:(g>4O(m>40;(/4 ' 


= ( 1 _,)-a F (3)f( a ) : (^( 6, >(6 , '):(c);(c-);(c''); z, z, z 3 

l(/) : (g);(g’): (§")■ (hWW 0; a-/)’ (1 - O’ ( 1-0 


„ , „ Y ,«(aW(3)f( a )’ a+1: ( fe H6');(6'0:(4(4H 

(3.6.3) 


= (l + t 


(/)> oc + 1 — « : (g},(g')>(g") : (6);(/f);(/2'0 


(/) : (gMg'>, (g"): (6), (4 {h"\ Z ' + ^ ~~ 2 +r ^=^ + ^\ 


Case (b) When r- 2, o, = o 2 = 1 and specializing other parameters, we derive 
from (3.2.1) 


(3.6.4) X , ( a + M„ F, (a + (p + 1)«, b, , b 2 ; a + (3 /j; z, , z 2 ) 
0 n ' 


(l + v)“ 
1-pv 


[l- Zl (l + v)]- 6, [l-r 2 (l + v)4 , v = / (l + v f , 


mmmm 


where F, is Appell function oftwo variables. 


(3.6.5) Z“ 7 ( a + M„'l>i(a + (P + l)n, 6 1 ;a + p;i; Z| ,3 2 ) 



(l + v) a 
1-pv 


[l-z.d + v^V.""), v = ((l + vr 


where <j>, is confluent series of Appell’s series F . 
From (3.3.1), we derive 

oo 

(3.6.6) S“ 7 ( a ) n ^( a + F^, 6 2 ;a ;z v z 2 ) 

n~ 0 n! 

= (i - o~ a & - z, /(i - or & - z 2 /(i - or 


(3-6.7) E 1 


a + «, 6 ,;a; 2 1 ( z 2 ) =( 1 -/)-“ 1 - r -= I- 

1 -t 


Further from (3.4.1), we deduce 


(3.6.8) m t n F l (a + !, b x , b 2 ; a + 1 - n; z, , z 2 ) 


= (i + 0“ [1 - z, (i + or [i -z 2 (i+ or 


(3.6.9) X l? )t n $\fa + Ub x \a + \-n\z x ,z 2 ) 


m + 0“[i-z 1 (i + or^ ( ' + ' ) - 


Case (c) When r= 1 and a, =1 the generating relations (3.2. 1 ), (3.3.1) and 
(3 .4. 1 ) reduce respectively to 




(3-6.10) I^(a + P„). ^[“ + » +1 KX(lli 
«“0 n! [a + (3«; J ]_p v 


where v = t(l + vf +l , 


(3-6.11) S ,(«)„ A ' 
«=o #/ oc; 


a + w; 


= (l-f)rV** M 


(3.6.12) S~fc)?" 4“^ zl = (l + r)fVM 

«=o n! [a + 1 - n; 

3.7 Some more Generating Functions of other Multiple 
Hypergeometric Functions. In this section, we shall derive generating 

relations of multiple hypergeometric functions f\'\ FjfK c/V with their 
confluent forms $) , ^ ofLauricella [8], gtfjj) of Exton ([4], [5]), 

V) E c ] of Chandei [1], and their confluent forms ( f A ,jC 5 

> 0)C> j SC of Chandei and Gupta [2], of Karlsson 


[7] and for its confluent forms gC, f 2 |C, SC, SC. SC, SC 


due to Chandei and Vishwakarma [3] and also for more confluent forms [(jC , 


SC = SC> 0 )<t>c ) due to Vishwakarma [19]. 

Choosing a, = ... = a, = 1 and specializing other parameters in 
(3.2.1), We derive the following generating relations : 


•*>£i*"**- L + * :U4]:MU . :l]; 


| 

tff* 

J 

'i 






I 

! j 




(l + v)“ 


F aK°A K:c c r ;z l (l + v)u...z ( (l-t-v)) i 


2^-r 


IiO+vk 


(3 7 2) £'"(«+ »P) : 1“' ll.;k ll [t , : lj- 

»-o” ! " "•'t[o+nP:l,...4j:[c:l,...4]:-;...;- ; : 

/] , \a 

~ f_p v \a a r ,b, b r ; c; z, (l + v),..„ z,. (l + v)) , 


|(l + v)z,: <1, i = 1,...,/- . 


y( a+7J Pl „ F 3:-;...;-f[ a+ (P + 1 )« : 

(3J3 % * * ‘ :t:l l[a + »P:L.j]:h:i.,k.:it 


1-pv 


Fc\a,b;c x ,...,c r ;z l (l + v),...,z r (l + v)) 


X:[( 1 + ' ; kJ' 2 <1 . 


( 3 . 7 . 4 ) 


(a + «P) f; 2:-;...;-rf a+ (P + i ) n : l”4l a •' 1, -- j]: 

n\ [[a+«p:l,...,l]:[c, :l];...;[c,. :l] 


(l + vf 

1-pv 


\|/^ ) (a;c l ,...,c r ;z,(l + v),...,z,(l + v)) 


( 3 . 7 . 5 ) 


(a+«Pi^„ F i:i...,i r[a+(p + l)« : [b { : : ll 

n\ ([cc+hP : l,-4[ c : ; 


^m 9 

m 


r[a+(P+l)«:l,...,ll[ 

[6, : l}.. l} 


'0 ' 1 {a, b x , . . . , b,. ; c, c' ; z, (l + v), . . . , 


1,...; 1 r[a+(P+l)w 

: U a + n P:lv,l]:[c:l,...,l] 


b x ,...b r - 

. . , z i 


o’ ■ 1 (a, a' , b { , . . . , b r ; c; z,(l + v) 


„ - r[« + ((3 + l)« : 

' l; [[a +«[5 l]: 

\a'\ \b : - 

ti ;i];; 


'/C, 
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where are multiple hypergeometric functions of Exton ([4], [5]) 

related to Lauricella’s F (r) while SVF (r) is i ■ 

D wnne (,)£ c is multiple hypergeometnc tunction 
of Chandel [ 1 ] related to Lauricella’s F< r) . 


^3 ? 9) £ F .y ,. /[a + (p ■ + \)n : L... ,1 }\a : 1 l] 

«=° n! ''' ' I [a + pn;l,.„,l]; 


i c i :l];...;[c r :l} 


fl + v) a 

' \ -_p v ^ ^ ^ ( a ’b,b M ,..,b r ;c i ,...,c/,z l (l + v),...,z r (l- 


(3.7.10) £ 


( p + P" V" r 2: f[a + (P + l)n : l,...,lj[a : 

2_; v[a + P« : l,...,ll[c: 1 1,— , 






'Ftt{°A,,b r ;c,c t+]v ..,c n ;z,(l+v),..., 2 ( .(l + v)) 


_ 11' V 1 (oC + pw)„f + (P + l)« •' 1.-..J j \d 1 1 

<3 - 7 ' ll) h ~~ nt Fl — [o+Pn/1 lj[c:l l]. 




[b x : \\..-[b k : \\{a M : lj [b k+l : l}...; [a n : lj [b„ :l} 








- ( 1 + v ) a U-) F (/-V 

1-Bv bd[ ‘ 


®’ a k+\’--> a r-‘b\,..,b r ',C', Z] (i + v),.. 


hl)£_ f u,,i, 


lcc + (jp + l)w ; 1 l],[/j ■ ;1 l], 

' ;1 |[a+pn: 1 l— 


_( 1 + v )“(()r.(:-)/'. , . . ... 


armz. 


cd \ a > b,b u ..,b k ; c, c k+] ,...,c r ; z x (l + v\...,z r (l + v)) 


y ( a+ N„ ^ 3: _;...^/1a+(P+l)« : 1,. . .l\[a ■ l - ■■ ■ li [b: 1, . .. 1,- .. 


A + a Vfi { AC M- C l>— C r -' Z l 0 + v),...,Z r (1 + v)) , 


v(a +M„ n c>2— -i; .,(la4+l)«:i r dki-4l-;...r;[4 +1 :i4A :l]; 
Fli:r = ' 


=7-4-p!+5'c(< 1 .*> i »i b ,: c ! c,.z l (l + 4..,i,(l + v)). 




1-pv 


V (a + Pn)„ ^ 21 - + :lj; 

(3 ' 715 ^ “ ”! ? F ^l[a + p W :U,ll[c:l,..a-;...;-]:-- - 


= 7 + ^ ( fl) $D Ml ’-A >■ c -' Z . 0 + V )’-’ Z r (! + V )) 


1-Bv 












1 — (3v 


CD 1 a i b\ >—>b k ; c 9 c k+] c r ; z l (] + v ~ r (l + v. 


’ ! a ±M Lf » F 2:l;..4l;-;...;-( r [a+ (^ + l>» = [b I 1.. 

0 «! ([a+p« 


'[6, : l}...;[b k : l}-;...;-; 

[c M :lj-...;[c r ;lj- z, '"" 2r 


J±vT 

1-pv 


CD V,K~A\c,c m ,...,c r ;z, (l + v),..., z,. (l + vj) 


f ( a+ jH ? « F 3.i,.,i.-,..;i[a + (P + 0« - \[a :l... l]: 

£0 n! 1 [a + p« : l,...,l],[c: l 1- - 


[b-- [6, . lj-;...; 


: ’i - 1 Sfaco ^ b ’- b ' bk ; c; Z] G + v ^’- z '- + v )) < 


Y («+P«)„ „p3.1;...;l,-.....-f[ a + (P +1 ) Z •' L... I]' 

L Ma+P«:l l]: 


[b:- 

k+ 1 :l]; 


il + ''l -(*}<bjd ( a> 6, ; c, +1 C r ; Z| (l + V’),--,-, (1 + V')), 










l b \ 

i}— ; 


i]; 

\ | 




Zj,.. 


3 .. 

5 



y 


'Tlfc, 6 1 b r ; c; Zj (l + v),..., z r (l + v)) , 


(3.7.27) X 


( a + N„ ,, P 2 : 1;..,1 f[a + (P + l)« : l,..-,l}[a : 1 ,... 1 , 


; "Ua + | 3 «:l,...,l]:[c:l,...,l]: 




Z\ Z f , 


4 + -«- S l l> ( D(''.*|.-.*r;C;r,(l + v l.",Z r (l + v)) 1 


-T (a + P«)„ _([a+(p + l>! : 1 liter : 1.... I, 

< 3 ' 7 ' 28 > 5“ ^ [a + Pn. l I]: 


[b :l,...,l]: 

[c, :l];...;[c r : l]; Z """ Z ' 


Jl+v£ 

1 -pv 


J ; c iv. C r ; Z, ( 1 + v),..., 2 ,. (l + v)). 
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CHAPTER -IV 


ON SOME ASSOCIATED POLYNOMIALS 
DEFINED THROUGH GENERATING 
FUNCTIONS 


4.1 Intoduction. Gould [6] considered a class of generalized 
Humbert polynomials defined by 


where m is positive integer and other parameters are unrestricted in general 


Panda [7] introduced polynomials 


generated by 


where c is arbitrary, r is any integer positive or negative and s- 1 ,2,3,... 

On the other hand Srivastava [9] considered a class of generalized 
Hermite polynomials defined by the generating function 


where and in (4.1.2) 


To unify the study of the three general classes of polynomials define 
through (4.1.1), (4.1.2) and (4.1.3), Chandel [1] considered a generatm 


function 
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( 4 . 1 . 5 ) [c-mxt+yf'f G 


r r xf 

^f-nat+yFY 


= lL R n(»hx,y,r,s,C)t l ‘ 


n = 0 


where m,s are positive integers, other parameters are unrestricted in general 
and G(z) is given by (4.1.4). He also discussed the interesting special 


case 


when y„ 


(-1)" 


(4.1.6) [c-mxt+yt"^ exp 


xr r f 


(c-wxt+yt"’]'’ 




«= 0 


Further to study associated polynomials, Chandel and Bhargava [ 4 ] 




considered the special case of (4.1.5) for Y„ = — s-r m=2 

n\ 


(4.1.7) if -lxt+yt 2 )' exp 

1 Xrt 

1 t7~Z 7Y7 


\C-2xt+yt 2 ) 


= £ B { f' cl) [2,x,y,r,s,C)t n 


n = 0 


Prompted by (4.1.5), Chandel and Dwivedi [3] considered another generating 


function : 


(4.1.8) (p _ mx f 4 G 

yr't s 

(c —mxt + yt ) 


£ R!’{m,x,y,i\s,C )/' 


n~0 


different from (4. 1 .5). He also considered their special cases when y„ 


(-it 


(4.1.9) (c - mxt + yt mS f exp 

r r yt s 

~~ m y 


(C - mxt + yt ) _ 


= E,f (m , x , v, ?\s.C ) t h 

n = 0 








(ill ; 
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and when Y„ 


_fe). 


n ! 


(4.1.10 )(c-mxt+yt m) f 


1- 


/yf 


(c-rotf+y)' 




/?=() 


but in no case he tried to introduce associated polynomials. 

In this Chapter, we shall introduce associated polynomials for the 
polynomials defined by (4.1.1 0). 

Further Dwivedi [5] considered another generating function 


(4.1.11) (c -mxt+yt m 'f G 


( fz? ' 


(jf—mxt+yt" 




«=0 


with z independent of x and y. He also considered its special cases for 


Y - = TT and 


To study associated polynomials of class (4.1.11) Chandel and Dwivedi 

(-1)" 

[2] considered the case of Y„ = — — , s-r and m-2 

nl 


(4.1.12) (c-lxt+yt 2 )* exp| 


^ r'zt' 


-^{2,x,y,z,t,r,C)t n 

n=0 


2xt+ yt^ 1 

Now in the present Chapter, we shall also introduce polynomials related 
to the polynomials for which Y„ ~ ’> s=, ’ an ^ 


(4.1.13) [c-lxt+yt 2 )* 


r’zf V ' 


(C-lxt+yt 2 )' 




n = 0 


mm Msmasm 






4.2. The polynomials {a™(; 
(4.1.10) defines 


(c -2 xt +yt 2 \ 


Consider 


( 4 . 2.3 )Al P ' q \ 


Therefore 


2 xt + vt 


(c -2 xt +yt 2 y 


(c — 2 xt +yt ' } 





C — 2xt + vt 


Take t/(C-2xt+yt 2 )=w 
Therefore 


where 


2xw+l + -J(2xw+if - 4 yew 2 


(4.2.6 ) t 


2xw +l+J[2xw +1 


(4.2.7) 


4.3. Applications of Generating Relation. An appeal to generating 
relation (4.2.7) gives 


which can be generalized in the following form 


(4.3.2) A 







By an appeal to (4.2), we have 


(a+a \b +b \c +c \d +d 


(c-lxt+yt 2 ) 


(c ~2xt +yt 2 j 


(c +yt 2 )f 


(c - 2xt +yt 2 ^ 


(c -2xt +.yt 2 ) 


Hence 


^/+a',/>+Z)';c+c'+£/+i/ 1 


which can also be generlized in the form 


An appeal to generating relation (4.4.2) also shows that 


(4.4.9) 
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4.5 The Polynomials 


\x,y,r,C)/n = 0,1,2,...}. Consider 


Therefore 


[x,y,r,C)F^\2,x,y,r,r 


h C -2 xt +yt 2 


(C -2 xt +yt 


91 


= %A ( r^\x,y,r,C)w\ 


Hence 


(4.5.3) t^%,y,r,C)= A^^y.r.C) . 


For C^a 


a ^ 4 \x,y,r,Cy =S-r>'f 


and for d=b 


(4.5.5) ttf-^Kx.y.r.cy = 


2x\v + l + -\J (2xw + 1 ) 2 — 4 yew 2 


For c=a, d=b, (4.5.2.) gives 


(4.5.6)Z^ M (xj/,Cy = l, 


Again by an appeal to generating relation (4.5.2), we derive 


(4.5.7) l6“' b:cM \x, y,r,C) 




(4.5.8) R 


(«+£/', b+b';c+c’,d +•</') / 


(x.y,r,C) 






4.6. Polynomials \ a ^\. 


Consider 


(4.6.1) %4™\x>y>z,r,C)M[ p - k «\ l,x,y,z,r,r,C) = 0 


(4.6.2) 4*«\x,y 


Therefore 


mxt + vt 


Hence 


2 xt +yt 


C-2xt +yt 



Therefore, generating relation for is 


(4.6.4) 


where 


< 4 ' 6 ' 5) 'C-lxt + yt 


The generating relation (4.6.4) can also be written as 


(4.6.6) 


2 xw + 1 + -J (ixw 4- l)~ — 4ycw 


4.7 Applications of generating relation (4.6.6) 
generating relation (4.6.6) shows that 


(4.7.1) 


(4.7.2) A 


(4.7.4) A [ n p ^' ] (x,y,z,r,C)= A {p4 \x,y,z,r,C)-r 



(4.7.5) 


(4.7.6) 


(4.7.7) 


4.8 Differentiation and Applications. 
Differentiating (4.6.4) partially with respect to z, we have 


(4.8.1) 


Hence by iteration, we obtain 


(4.8.2) 


Replacing z by 1/z, we haw 


Therefore 


(4.8.4) e 


where Q=z 


Now making an appeal to 



(4.8.5) e ,fl: ^(z )}=/ (z /(l-t)). 
we derive from (4.8.4) 


(4.8.6) 


Now taking z 0 and replacing t by (~z), we derive 


(4.8.7) 


which can also be obtained by Maclaurine’s series expansion 
4.9 The Polynomials ^ M (rj,z,r,C)/« = 0,1, 

Consider 


( 4 . 9 . 1 ) 


Therefore 


2 xt + vt 
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jc -2 xt +yt 


Now making an appeal to (4.6.3), we derive 


(4.9.2) 


Hence 


(4.9.3) Nl; 


For a=c, (4.9.2) gives 


or d=b, (4.9.2) gives 


(4.9.5) 


Again if a=c, b=d, we derive from (9.2) 



SPi 


(4.9.6) 


Further, making an appeal to generating relation (4.9.2), we establish 

T\j{a+a* ,b+b' ic+c' ,d+d') { 


which can be further generalized in the form 


(4.9.8) N 


Again starting wtih generating relation (4.9.2), we can further derive 


(4.9.9) 


10. The polynomials {ft, 


Consider 


Therefore 
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while for c= a, d=b, (4.10.2) gives 


(4.10.6) 


Making an appeal to generating relation (4. 1 0.2), we deriv 


{a+a\b+b';c+c\d+d 


(4.10.8) R 


Here (4.10.8) may be further generalized in the form 


(4.10.9) R] 


Remarks 

1 . Replacing z by z/q and taking q—>°° our all results of § 6 to § 10 will 
reduce to the result due to Chandel and Dwivedi [2] 

2. For z=x, our all results §6 to §10, will reduce to the results due to 
Chandel and Bhargawa [4], 
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CHAPTER -V 



GENERATING RELATIONS : TAYLOR’S AND 
MACLAURINE’S SEMES EXPANSIONS OF 
HYPERGEOMETRIC FUNCTIONS OF FOUR 

VARIABLES 


5.1 Intoduction. Exton ([5], [6], [7]) introduced twenty one 
quadruple hypergeometric functions, Sharma and Parihar ([10], [11]) 
introduced eighty three hypergeometric functions of four variables but out of 
which nineteen had already been included in the conjecture of Exton 
([5], [6], [7]) in some different notations (see Remark of Chandel and Kumar 
[1]). Also Chandel and Kumar [2] introduced seven more hypergeometric 
functions of four variables suggested by hypergeometric functions of three 
variables, H A , H B , J7 c of Srivastava ([11],[12]). 

Further, Chandel and Sharma ([3], [4]) introduced and studied 
following ten hypergeometric functions of four variables suggested by 
hypergeometric functions of three variables H A , H II ( , ot Siivastava 



(e)„ +p _ ra (e') 9 


Jammu® 

m,n,p,q=0 


m! n! p! q! ’ 


'5.1 .4) G^(a,b,c,d;e,e' ;x,y,z,u) 

y 

„,wo (eL,-„(4 m! n! p! q! ’ 

(5.1.5) G^(a,b,c,d;e,e' ;x,y,z,u) 

y (4, + ,.,-JftL P (4J4, x- V" ^ »<■' 

teW-W . m/ n! p ! *■' ’ 


( 5 . 1 . 6 ) G‘ 4 ) (a, 6 , , b 2 , b 3 ,b 4 ; e, e' ; x,y, z,u ) 


^ X* V" z' tf 

L (p ) ml n! ill a l 

m,n.p,cj = 0 \^Ji 


'n+p-m 


m! n! p! ql 


(5.1.7) Cp;(ii.b r b.,,h j .h l :e,e':x.y.i.n) 


= I 

m,n,p t q~0 


PLfsL al 


/ n+p-m \ 1 //w+t/ 
)«+/> 


(4 +P ->'\ m! n! p! q - 


(5.1.8) G ( s\a,b^b 2 ,b v b 4 ;e,e';x,y,z } u) 
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f m+ p+q 


'm+ p+q 


Recently Chandel and Shamra [4] have established generating relations, 
integral representations and recurrence relations of above hypergeometric 
functions of four variables. 

In the present Chapter, we shall derive self generating relations cum 
Taylor’s series and Maclaurine’s series expansions involving above 
hypergeometric functions of four variables. 

5.2 Generating Relations. Consider 


'm+n+p 


' m+n 


'm+n+p 





Similarly, by induction, we can derive 


( 5 . 2 . 1 ) 


’m+ti+p 


Hj\a + r,b + r,c,d;e + r,e' ,e" ;x,y,z.u 


Therefore further, by making an appeal to Taylor’s series expansion, we 




establish the following self generating relations for H 


(5.2.2) H^(a,b,c,d;e,e' ,e" ;x+t,y,z,u 


Applying the same techniques, we derive the following result 
(5.2.3) Hj ] (a,b,c,d;e,e',e";x,y + t,z,u) 





( 4 ( 4 - 

t r 


r\ 



G^’(a, +r,b,c+r,d',e+r,e';x,v ,z .u 


G^(a + r,b + r,c,d;e + r, e' ; x,y 


{b\{c)M\ 


(5.2.16) G ( j\a,b,c,d;e,e' ;x,y+t,z,u 


(5.2.18) G ( b{a,b,c,d;e,e';x,y,z,u + 



a + r,b l ,b 2 ,b 3 ,b 4 +r;e, e'+r ; x, y 
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fl + r,b + r,c,d;e + r,e';x,y,z,u 


(5.2.27) G ( c ] (a , b, c, d; e, e ( ; x, y, z,u + t) 


a + r, b , c, d + r; e, e'+r; x, v, z, it 


(5.2.28) G^{a,b,c,d;e,e';x + t,y 


also. 


109 



5.3. Maclaurine’s Series Expansions. Replacing t by 
and x by 0, in (5.2.2), we derive the following Maclaurine’s series expansion 

(5.3.1) H^\a,b,c,d;e,e' ,e" ;x,y,z,u) 


K a + r,b+r,c,d;e + r,e',e"; 0, v,z ,u 




Replacing t by y and y by 0 in (5.2.3), we obtain 


Replacing 2 by zero and t by z in (5.2.4), we get 


Replacing u by 0 and t by u in (5.2.5), we establish 


Replacing x by 0 and t by x in (5.2.6), we arrive at 
(5.3.5) H% ] (a,b,c,d;e v e 2 ,e 3 ,e A ;x,y,z,u) 


Replacing y by 0 and t by y in (5.2.7), we derive 


(5.3.6) H^(a,b,c,d;e v e 2 ,e 2 ,e A ;x,y,z,u) 


= yMMz(. 
h (e 2 \ r! 


H^(a + r.b.c.d + r 


; e \.e 2 + r,e 3 ,e t 


; x 


Replacing z by 0 and t by z in (5.2.8), we obtain 

(5.3.7) H ( ^(a,b,c,d;e v e 2 ,e 2 ,e 4 ;x,y,z,u) 


- f — — — H < ^\a,b J rr,c + r,d;e,,e 1 ,e 2 +r.e,;x, 
& (e 3 \ r! B ' K ' 2 J 4 


Repicing u by 0 and t by u in (5.2.9), we have 

(5.3.8) H^(a,b,c,d;e v e 2 ,e l ,e 4 ;x,y,z,u) 

= V M'M - - H^\a + r , 6, c + r , e, . e, . e, , e , +r;x, 
% {ej r r! 1 

Replacing y by 0 and tbyy in (5.2.10), we establish 

(5.3.9) G^(a,b,c, d;e,e' ;x,y,z,u) 


= V MM _ ^G { *\a + r,b,c + r,d;e+r,e'; .v.O, z . u ) 
£o (4 r! 1 

Replacing z by 0 and tby z in (5.2.10), we arrive at 

( 5 . 3 . 1 0 ) 'G (a , b, c, d; e, e' ; x, y , z,u) 

- V MM- £l G( 4) (fl + r,b + r , c, d; e + r, e' ; .v\ v .0. u ) 
~h (4 r! A ' y 

Replacing u by 0 and t by u in (5.2. 1 1), we obtain 

(5.3.11) G ( y(a,b,c,d;e,e' ;x,y,z,u) 



Ill 



(a + r,b, c, d + r; e, e'+r; x, y, 2,0) 


Replacing jy by 0 and thy y in (5.2.13), we derive 
(5.3.12) G^(a,b,c,d;e,e' ;x,y,z,u) 


Replacing t by z andz by 0 in (5.2.14), we get 


Replacing u by 0 and t by u in (5.2.15), we obtain 

(5.3.14) G\ (a,b, c, d; e, e' ; x, y, z, u ) 


{e’l 


Replacing y by 0 and t by y, in (5.2.16), we establish 

(5.3.15) G { £ ( a,b,c,d;e,e ' ; x,y, z,u) 


in (5.2. 17), we arrive at 


Replacing 2 by 0 and t by 


(5.3.16) 
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Replacing u by 0 and t by u in (5.2.18), we have 


Replacing^ by 0 and tbyy in (5.2.19), we derive 
(5.3.18) GB\a,b l ,b 2 ,b 3 ,b 4 ;e,e' ;x,y,z,u) 


Replacing z by 0 and t by z in (5.2.20), we arrive at 
(5.3.19) G < £ ) (a,b ] ,b 2 >b 3 ,b A ;e,e';x,y,z,u) 


Replacing t by u and u by 0 in (5.2.21), we get 


Replacing y by 0 and t by y , in (5.2.22) we have 
(5.3.21) G${a,b 1 ,b 2l b i ,b 4 ;e.e';x,y,z,u) 


Replacing z by 0 and t by 
(5.3.22) ■•G$(a,b ] ,b 2 ,b v b A ; 
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V ( a )r(bl) r Z' r (4)( 11] , 

= 2j ~~yj — JJ G B 2 \ a + r,b i ,b 2 ,b 3 + r,b i ;e + r,e' ; x. y ,0, 

Replacing u by 0 and t by u in (5.2.24), we derive 

(5.3.23) G^{a,b^ ,b 2 ,b 2 ,b A ;e,e' ;x,y,z,u) 


= X -/—y— +r,b 2 , 6, . b A + r;e,e'+r; x.y.z.h) 


Replacing x by 0 and t by x in (5.2.25), we establish 

(5 .3 .24) Gc\a ,b,c,d ;e,e' ;x, y, z,u ) 


. y ( a )>■ 14_ —G^\a + r,b + r,c,d;e + r,e'; 0 . v,z,i 

is (4 rl C|V 


Replacing!-’ by 0 and thy y in (5.2.26), we get 

(5.3.25) G { c 4) (a,b,c,d;e,e' ;x,y,z,u) 


(^)r 0- )r 2 — [a,b + r ,c + r ,d ; e + r ,e' ; x.0, 2 , 1 

' ( \ l t-i v 


Replacing it by 0 and t by u in (5.2.27 ), we arrive at 

(5.3.26) Gc\a,b,c,d ; e,e' ; x,y,z,u) 


(4(4 Q^(a + r, b, c, d + r; e, e'+r; x, y. r .0) _ 


Replacing x by 0 and t by x in (5.2.28), we obtain 

(5.3.27) G ( ^(a,b,c,d;e,e';x,y,z,u) 


_ V ( 4(4 - G^Ha + r b + r,c.d;e+r, e ' ;0, y.z.u) 

= h (4 rl C; V ’ 






fPitp; 
. -1 
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Replacing y by 0 and f by yin (5.2.29), we have 
(5.3.28) G^{a,b,c,d;e,e';x ,y ,z ,u) 


Finally, replacing it by 0 and t by u in (5.2.30), we derive 
(5.3.29) Gj?Ha,b,c,d;e,e';x ,y ,z ,u) 
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6.1 IntoductlOM. In the previous Chapter V, we have derived 
self generating relation cum Taylor’s series and Maclaurine’s series expansions 
involving hypergeometric functions of four variables of Chandel and Shamra 

([4], [5])- 

In the present Chapter, we extend the work by establishing self 
generating relations cum Taylor’s series and Maclaurine’s series expansions 

involving multiple hypergeometric functions of several variables . 

F c (n) , F%' ] and their confluent forms (j),' 1 of Lauricclla |8|, 

of Exton ([6], [7]), ^E { c n) of Chandel [1], with their confluent 
forms , p)^c , ( (,)^T ( (Wd . V/sl of Chandel and Gupta [2]. 

(k) FcD the intermediate Lauricella’s function due to Karlsson [8j and its 
confluent forms <Jj«& , fcfog , Wco , ?>g due to Chandel and 

Vishwakarma [3]. 

6.2. Generating Relations. Consider 
F^\a,b v ...,b n ;c u ...,c„;x ] ,x„) 


V hn I 


fa )/«) ^ 




Therefore 


Z 

3x 


7 F}; ,] {a,b v ...,b u ;c v ...,c n ;x v ...,x n ) 






(gj fa l ^ + fa + '1, fe L -fa, )„, 

fait (c, +'■)„„ (c 2 ) m; ....(c„j w 


/?/. / 


V ' ' 



Hence 

e' Dt| {Fa ] fa , b { , . . b„ ; c, , . ... c„ ; x t , . . x n )} 




iyfafa + r, 6, + r, b 2 b n ; c, + r, c 2 


Thus we get self-generating function-cum-Taylor series expansion 
(6.2.1) F^ia,b„...,b n ;c v ...,c n ;x , +t,x 2 ,...,x„) 


= y (4fel £l F (n)( a + r>6| + r>6} 6 b ;c, +r.c, cy.v, *,). 

U fa, l r! 

which suggests / 7 -results in the following unified torin . 

( 6 . 2 . 2 ) 


+r,b l+l ,...,b,-c l ,....c !l ,c ! +r.e 

^ fa ), r! 


/ 1 /7 

Similarly, applying the same techniques, we derive the foilownn 
generating relations cum Taylor’s series expansions of other muitiph 
hypergeometric functions of several variables . 

(6.2.3) F^ n) {a i ,...,a n ,b ]l ...,b n ; c ’X , +t,x 2 ,...,x„) 




I'-'b \ a \ +r > a 2 >---> a tl ,b\+r,b 2 ,... ,b n ;c + r.x, ,v „ ) 


(a), (b ) r f 


— F c (,,) (<3 + r;b + r;c l +r,c 2 ,...,c n ;.v , ) . 


which suggests ^-results of Taylor’s series in the following unified form : 
(6.2.6) Fc\a,b;c i ,...,c n ;x i 


which suggests n-results in the following unified form: 
(6.2.4) Fg\a l ,...,a„,b ] ,...,b„;c,x ] ,.,., x,_, ,x,+t,x l+ x„ ) 


(c). 


:Fb \ a v-> a i-\’ a i +r,a i+l ,...,a n , 


V-A-i A +r,b i+] ,...,b n ;c+r,x ] ,...,x n ), |x,j< 1 |x„ 


(6.2.5) F^ ) (a,b i ;c ] ,...,c„;x ] +t,x 2 ,...,x„) 


-FJ" ) (a + r;Z? + r;c 1 ,...,c M ,c,. + r,c 


(6.2.7 ) F ( „ ] {a; b v ...,b n ; c; x, ..... *,-i ,x,+t, x M} T, ) 










' 



a + r,b,b l 





(6.2.25) [k) F^\a,;b,b ] ,...,b k ;c,c k+] ,...,c l ,-,x ] ,...,x i ^,x i +/.. \\ 


a Lto, If 


— (k] F^ D ) (a + r,b,b { ,...,b i _ t ,b i +r,b i+v ...,b k ;c + r,c 


(6.2.26) (k) F^{a\bA^b k \c,c k ^,...,c n -x,,...,x x,+t,x, 

/'=() \ C / r " 


(6.2.27) ( ,*l<l>!?c( a ' & * c P-' c »' x i X V- X J 


= ^^r^lk (a + r ,& + + r ,c, c. 

r =0 V C , )/• r * 


.2.28) c »-' x > x * x ‘ +t ^ 


(a\ { '\k 


^ (c,) r r! 


— {I ;M )V r (a + r,b;c,,...,c i _ v c i + c i c 


(6.2.29) { MA ) c {a > b k+v ...,b,r c \ 


■x, x i _ i .x j +t,x hV ...x„ l 



=2jj jjwvac \ a + r ’ » • ■ • • ; c i - - c ,--i • c ,- + r ■ c i- 


(6.2.30) ( 2 ( a > ^t+i c„;x 1 ,...,x M ,x / +/,.v M . 


^ (cj r 


A + „- 


C i +/ ,C /+ j,...,C /c fJ , J 

( 6 . 2 . 31 ) (^ > » *••> ^/-i > Xj + i , x ? - + | ...» A' ; , ) 




r=0 


(ci r! 


(6.2.32) (, 0" ) D (a,b ] ,...,b l ,;c;x ] x^.x, + *,*,>, x„ ) 


=X(oX(*,),^Wi(° + r A Vi. 


r=0 


n 


(6.2.33) (a, b„ ; c; x, . x, + 1. x M x .v 


V ^ VA L + r,b x .-A-.A + rA,, *< 

^ (p) r r! 


( 6 . 2 . 3 4) % Mi b n ; c; x k . *, + 1 , ax, 
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(6.2.35) $ ) $}{a M ,...,a„,b,,...,b ll ; c;x, ,x, + t,x i+i xj 


a„A K 1 A+ r ' b M b» :c + r: V ) 


/ 1 k. 


(6.2.36) a „A b n ;c;x [ ,...,x i _ ] ,x i + l,x^„...x, l ) 


= ^ + r, V-.A + r. 

(c), >•! 


r=0 


6 ,. + 1 ,...,&„;c+ 7 -;.t,,...,.v„) i k s ! «■ 

(6.2.37) ( ( i * ,j(t) ( c^(«- 6 ;c,c, +l ,...,c„;x 1 x M ,x, +?.x, +! ,....x, x„ ) 


,2^|^ + rAx + r.c M r„;x, *„) J-l~* 

r=0 l C ), r - 


(6.2.38) ( oj<|>&M>-c,c t+1 c »' x ' x * • V - 1 " V ' Y ' ; ' 


: £ ( a + r ,6 + r;c,c M e M .c, + r.c,, : .<■„ ; .v. v, 


r=0 


/ A" ! n 


(6.2.39) f 2 {(|)g(a.6 I ,...,6 i ;c,c it) c./Xp.-x^pX, +?,x M x, ) 


= y ( a + b, Vi A + r A + i 6 » ; c + Ck 


;x 


v ) 


(4 r! 


I A. 


(6.2.40) gj*g (« A .-A- - c - c w'-- c " *' x * 


...,X ,X.. + /..Y,,; V, 


;s I 






X?^T + r - fe i b k :°> c m c ,-i A + r ' c M ■■■ 

£o (ft), r! 


(6.2.41) %\$l {b,b x ,...,b k ;c,c t+1 .....ft, ; x, ,x, +t,x M , v, 

-tWrM&A K,MrA> 

r=0 \ C )r 1 ' 


(6.2.42) %\§co{b ,b { ,...,b k -,c:;c k+u ..., c „’,x v ...,x k x j _ i ,x ( +/,.v 


tr ) t^S/c>* r ' b b ‘ :c - c >+ «H- c - +r - r < 

7^> (ft ), r! 


(6.2.43) fMcl(a>b,b { ,...,h k ;c;,X' x M > x ; +l,x i+] ,...,.\„) 


= y ( fl + rt b,b , ,b, + r 

„ (c) r! 


,b . 


• 2.44) (${<|> 1 cd {a,b,b ] ,...,b k ;c;,x l x,_, .x : +t,x^ -ft. 


-5>IW 7$ :c ” v ' 


,.2.45) gMSfaM Vft + i-- c » ;Xl ' Vl ’ A ' 1 ? ’ A " " 




-bVcd + r ’ b ’ b ' b '-'' b ‘ + r ' b ~ x b> 



(6.2.46) ^^ CD ya,b,b^ ,...,b k ; c kH ,...,c„: x ] .v^,, +/,.v ; , , ... 


WPhJ (*)*(») 


(a + r,b + r,b v ... , b, ; c, +1 ..... e ; , , c* ; + r . 


(6.2.47) U (1>cd ( a » b\ >••• * b k ; c A . +1 ,...,c n ; Xj x M , x, 4- / , xv , 


=‘S (4- X— ( fl + — Kv b t + r A+\ h 

r-0 } 1 


(6.2.48) [J)tyco{ a >b\ 


>->b k ;c k +\'-,c„;x x x k x M .x - +/.a 


'V (4 f> (k)jAn 


l!*8 {a + r, 6, ,...,b k ; c w .c, + r. c, 


(6.2.49) ^" ] D {a,b v ...,b„;c M c ( ,;Ar 1 ......v ) .^+/.x,, 


(a),. {b i ),. — WiC (« + r,b^->K\ ,b, + r,b t . 


(6.2.50) .v A ,...,.v / _ I ,.v.. 


= Y + b : _ ./■- +r 

^ (c, ),. r! - 


c *+p— » c m> c / +r,c <+i c « :x ' 


(6.2.51) gfog (a,a M a„,b, b k ;c;x t x^+t.x,. 





l^TT^!® 0 ^ 0 ** «.A tuMr*. /, 

/=() \ C )r 1 • 


c ~r r; X- .v 


(6.2.52) gj<l %l{a,a k+l ,...,a n ,b v ...,b k ;c;x l x t x^.x, + /..y (+i ,v„ ) 


C 1 \ U i 'r L {k)xin) 

Lj ( \ . ( 3 )Y 5 D 

^ H r! 


(a,a t+p . a,. +r,a i+] ,...,a n ,h ] ,...,h : ;c + r,x. v 


/ A : 1 


( 6 . 2 . 53 ) $ <f>^ ) (a, 6, , . . b k ; c; x, , . . ., x,_, , x, + 1 , x M ,. . ., x, ..... x„ ) 


l ami t 


^(a + r.b, b t _ x Mr,b M b k ;c + r;x *„) 


(6.2.54) ®$>{a,b l ,...,b k ;c;x i x*.....x w , x, + t.x M , v„ ) 


= £(«),. — o)W(a+^A V c -‘*. -vK 


/ • A 1 I /? 


(6.2.55) ( ^\a,b v ...,b n ;c;x\ x w> x,+f.x /+1 x t ,...,xj 


Q<l)W(a + r.6, .6,- + r.6 i+i A A. • <■' + '■ v v 


(6.2.56) tW{a,b ]l ...A’' c : x v---’ x k’---’ x ^’ x : 


+ 1 , A\*i .V,. I 


Xrf ^ ** *■-' *> + K •' 

/■=o l c A- r - 


c-r;x ....... 


1 


- 



6.3 Maclaurine’s Series Expansions. In this Secion, we shall 
derive Maclaurine’s series expansions for multiple hypergeometric functions 
of several variables from the results established in previous Section 6.2. 

Replacing t by .v, and.v, by zero in (6.2.1), we derive the Maclaurine’s 


senes 


The result ( 6.3.1 1 suggests ^-results in the following unified ionn 


Replacing / by x t and x,by zero in (6.2.4), we derive 



Replacing t by x i and .v . by zero in (6.2.6), we derive 


Replacing i by x j and x . by zero in (6.2.7), we obtain 


by x- and .v.by zero in (6.2.9), we get 


Replacing t by x ( and x,. by zero in (6.2.10), we establish 
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2.1 1), we obtain 


and v by zero in (6.2.12), we get 


Also replacing / by and .v, by zero in (6.2.13), we arrive at 


Similarly replacing t by x i and x,by zero in 
the following results respectively : 









la + r 
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( 6 . 3 . 37 ) gj 4 >S(a,fi i ,..., 6 4 ;c,c t+ 1 ,..., C ,;* | ,...,x.) 

= X J l lMcD( a + r,b l ,...,b k ;c 5 c t+ „...,c / _‘ 1 ,c, + r,c,. + 1 ,..,c„; 

J+ |,...,x„ ) , i — ^ + 1 

(6.3.38) ( * | ^>cd (^ , 6, , . . . , 6j(. ; c , c ; . +1 , . . . 5 c„ ; ac, , . . . , jc„ ) 


n. 


S / ) i (3)^06 » ^1-1 5^1 + b k \c + c H ; 

/•--() V C A- ? • 


1 , 0 ,x ;+ | J( ) , i- 


( 6 . j .39) ( 3 )^cd (A b v ...,b k ,c, c M ,...,c n , x, x n ) 


— / \ , ( 3 ) 4 * 0 ) ,C ( - + 7 ,C /+I ,...,C n , 

•r =0 V C / /,• r - 


; . i 


X , ... .,X ,0, X , +1 X „ ) , i-k+ 1 n 


(6.3.40) J A ,J(t) l £ ;K«^,/jp...,6<.;c;x p ...,x„) 


=1 


t'- ---- I -(4) ( | ) co ( a + r,b,b l ,...,b t _ l ,b l +r,b i+l ,....,b t ;c+r; 


I] 

[1 1 


1 vr^* 




,0,x- /+lr ..,x„), / 1 k 


(6.3.41) gj<|>g (a, 6,6,,..., b k ; c; , x, ,..., x„ ) 


=^, («),. (b) r —y (4)4*0) + r,£* + r,£>,,..., A-, c, , x, x,._| ,0. 


,X, + 1 ’---;X„), 


i=k + 1 n 




~ X )-■ I “jlsl^co ( a + 7 % b,b , ,. . . A-i > 6, + r, 6,. +l ,. .., 6 /( ; c, ;+l ,. 


5 • • ■ 5 A *,'+| V • ■ > A "„ ) 


(6.3.43) (5 ] ^ c!d ( a, A ; c i-+i v-,c„ ; x, ,..., x„ ) 


: M 1 M1 (a + r, b + r, 6, ,..., b k ; c t+1 ,..., c,_, , c, + r, c 

'•=0 l c , A- r! 


x [ ,...,x i _ [ ,0,x i+i ,...,x n ), /= 

(6.3.44) , ( A & j^cfl(a,6 1 ,...,^;c A . +l ,...,c,,;x l ,...,x„) 


= X(4.(6, l^r l ^S(a + ^A»-A-i A + r A + i»-A ;c i+|v 


r =0 


r! 


(6.3.45) [5 ) (j) (•/) (^ , /?i , . • • 5 b k 5 c k + 1 • • 5 *^1 5 • * • 3 ) 


S^^ 1 (6)^cd(«+'-Av-A,;c 


i+lV"5 C M? C / >£/+iv4 


, l,...,Xy f ,...,X •_!,(), X /+ ,,...,X ;; ) Z 


(6.3. 46) (2 I^cd (^ 5 b l9 ... 9 b n i c k+] ,. c n , x, ,. . x w ) 


x. 


= >.Ui 


r! 


(2)^C£> (? ^ "^7 ,b j+[ ,...,b Jc ,.'.,b n 
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( 2 ) ( l ) . 4 o( a + r )^i »— 5 b k ,...,b i _ l ,b i + r,b M ,...,b 
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CHAPTER -VII 


A GENERAL CLASS OF GENERATING 

FUNCTIONS THROUGH GROUP THEORETIC 

[ APPROACH AND ITS APPLI CATIONS 

In the present Chapter, we introduce a general class of generating 

functions involving the product of modified Bessel polynonomials F ; “ +n (.) and 

the confluent hypergeometric function ,F, (.) and then, obtain its some more 
geneial class ol generating functions by group-theoretic approach and discuss 
their applications. 

7.1. Inti oduction. In 1949, Krail and Frink [3] introduced 
generalized Bessel polynomials defined by 

(7.1.1 )Y ,?(x)=,F 0 [-n,n +a-l;-;-x / (3] 

Further, in 1987, Mukherjee and Chongdar [5] have considered and 
studied the modified Bessel polynomials defined by 

(7.1.2) Y“ + " (x )= z F a [- n ,2n +a-l;-;-x /p] 

The function can be replaced by many special functions such as 
the Laguerre polynomials or the parabolic cylinder functions etcetera. 

Srivastava and Manocha [6] defined and studied various bilinear, 
bilateral and multilinear generating functions. Further, in 1 989, Chatterjee and 
Chakraborty [ 1 ] introduced and studied some quasi-bilinear and quasi-bilateral 
generating functions. 

Motivated by above work, in the present Chapter, we introduce the 
following new general class of generating functions : 


(7.1.3) G(x, u, w) = X A „ w " Y ,? +n ( x ) \ F \ 


> 1=0 


-n\ 
n + 1 : 





where, A n is any arbitrary sequence independent ofx, u and w. Since in (7. 13) 
as setting various values of An, we may find several results on generating 
functions involving different special functions. 

Further, making an appeal to the group-theoretic techniques, here in 
the present Chapter, we evaluate some more general class of generating 
functions and finally discuss their applications. 

7.2. Group-Theoretic Operetors. In our investigations, we 
use the following group- theoretic -onerators and tlipir nntinnc • 




+ 2xv' 


such that 


The operator H 2 due to Miller Jr. [4] is given by 


such that 


The actions of //, and H 1 on/ are obtained as follows 


(72.5)exp[vt77, \f(x,y,z) 


uvw 


v.t + wv.u 1 + 



7.3 Some more general class of generating furnction 

In this section, making an use of the general class of generatin 
(7. 1.3) and group-theoratic operators H, and H 2 with their action; 
the Section 7.2, we obtain some more general class of generating 
through following theorem : 

Theorem. If there exists a general class of generating functions i 
the product of modified Bessel polynomials and the c 
hypergeometric functions given by ( 7 . 1 . 3 ), then following more 
class of generating functions hold : 


+ wx 


/ a +n -r 


or equivalently. 


Y a+2 n-r 
^ n+r 




1 +WX 


a+2n-r 


Proof : In the general class of generating function (7. 1 .3), replacing w by 
vvvv and then multiplying by z a t m both sides, we get 


,/? , ,OC+tt 


Now. making an appeal to (7.2.2) and (7.2.4), from (7.3.5), we derive 


6)expk,fc w (4' 


a+w 


n+s+m- 


Now, operating both sides of (7.3.5) by the operators 
exp{\vH\]exp[wH~,] and then, making an appeal to the relations (7.2.5) and 
(7.2.6) in the left hand side and (7.3.5) and (7.3.6) in the right hand side, 
we evaluate 
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I n+r+s 


T OC+/Z — 

n+r 


Now, setting 


1 and v=t in (7.3.8) 


we prove (7.3.1) 


Again, setting 


1 and v=t in (7.3.8), we prove (7.3.2). 

by r-n and than applying series rearrangement techniques 
in (7.3.1 ) and (7.3.2), we obtain (7.3.3) and (7.3.4) reepectively. 

7.4 Special Cases : Applications and Deductions. 

For m a positive integer, (7.3.1), (7.3.2), (7.3.3) and (7.3.4) reduce 
respectively to 


rCL+n-r 

n+r 


1 +WX 


a+m 


and 


(7.4.4) (l+vv )"' (l+wx )' “exp[-w (|3 +i/)]g 


l+wx . (l+wx)" 


CO /■ m 

II 14. 

r =0 / i — 0 <>=0 


(-r )„(-»;), 


rls! 


S y r d J r 2 n~S ( \ r-i 

i r \X) 1^1 


-n-s ; 

l 

m-s + 1; 


wn- 


From (7.4.1), we further derive 


(7.4.5) (l+vv )"' (l-vvx)' a exp[w(|3 -«)](? 


x 


1 —wx 


, If (l+vv ), 


wvt 


{l-wxf] 


V YY d„_ r {- m) s va+ „_2 , 




/ i =0 r =0 s ~0 


r\s\ 


Y a+ "~ 2r {x) ,F, 


-(n + s-r); 


m — s + 1; 




while from (7.4.2), we obtain 


(7.4.6) (l +vv )'" (l +vvx )' “ exp[-w (p+w)]G 


X / \ wvt 

77 — ,»(l+w j,7~ V, - 

l+wx (1+vvx ) 


•its 


„ ™() r =() .V =() 


r!s! 


- (n - r 4- s ); 


m -s +1; 


Cw " (- u 


Further setting j3=zz and t = l in (7.3.1), we derive 


(7.4.7) {l+w)"‘ (l -wx)'~ a G 


x \ wy 

,W(l+wj,T C, , 

1 —wx —wx ) J 


-.£ 1 1 4. 


7=0 /■ =0 5 =0 


” ( m + n ) r!s! 


where L [ "' ] (u) are Laguerre polynomials. 
For (5=-w, t=l, (7.3.2) gives 




+ wx 


(7.4.8) 


+ wx 




[s_ a+«-r 

/ 27 + 7 ' 


Other similar results can be obtained form (7.3.3) and (7.3.4) in similar 


manner 


If m is positive integer than (7.4.7) and (7.4.8) give 


C04" /’(«) (wyf M' (»■) 


rCL+tt—V 

77 + 7 ' 


+ WX 


+ wx 


ra+n-r 

n+r 


m + n 


respectively 


Further setting m=0 and 7=1 in (7.3.1), we derive a generating relation 



• 


which is similar result due to Mukherjee and Chongdar [5], 
while for m=0 and t=l, from (7.3.2), we obtain a generating relation 


1 +wx ’ (l 


From (7.4.7) and (7.4.8), we further derive a relation 
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CHAPTER -VIII 


IE ; 


APPLICATIONS OF GENERALIZED 
POLYNOMIALS OF SEVERAL VARIABLES 
AND MULTIVARIABLE H - FUNCTION OF 
SRIVASTAVA-PANDA IN TWO BOUNDARY 
VALUE PROBLEMS 


In the present Chapter, first we evaluate an integral involving product 
of the general class of polynomials of Srivastava [6] and multivariable //- 
function of Srivastava and Panda ([10], [11] and also see [12]) and then 
make its applications to solve two boundary value problems on 

I ) heat conduction in a rod 

II) diflection of vibrating string under certain conditions and to establish 
an expansion formula involving product of above polynomials and //-function 
of several complex variables. In the last, some interesting special cases will 
also be discussed. Our results are generalization of the results due to Chandel- 
Tiwari [1], Chaurasia-Patni [2] and Srivastava-Srivastava [16], In special 
case V of problem I, it is also shown that all the results due to Chaurasia- 
Patni ( [2],( 8),( 1 1 ),( 1 2), (13), (14), (15), (16), (17), (18), (19)) are wrongly 
expressed. This remark also suggests that all the results due to Chaurasia and 
Gupta ([3], (2.1), (2.2), (3.1), (3.3), (4.1) to (4.12)) are also wrongly 
expressed. 

8.1. Introduction. Chandel and Tiwari [1] have employed 
multiple hypergeometric function of several variables of Srivastava and Daoust 
([7], [8], [9]; also see modified form Srivastava and Karlsson [14, p.37, 
eqns (2. 1) to (2.3)]) in two boundary value problems. 

In the present paper, first we evaluate an integral involving the product 
of the //-function of several variables of Srivastava and Panda ([10], [11], 
also see [12]) and several general classes of polynomials of Srivastava [6, 
p. 1 , eqn. (1.1)] defined by 


A following paper from this Chapter has been published “On two boundary 
value problems”, Jnanabha, 31/32 (2002), 89-104. 
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I/; / ni I ( \ 

( 8 . 1 . 1 )^]- £ = 

a -=0 S' 


where m is arbitrary positive integer and the coefficients F n f (n, s 3 0) are 
arbitrary constants, real or complex. 

in the last some interesting special cases will also be discussed. 

Oiir results will be generalizations of the results due to Chandel-Tiwari 
[1], Chaurasia-Patni [2], and Srivastava-Srivastava [16], 

8.2. Main integral In this section, making an appeal to modified 
form of [4, p.372, ( 1 )] 



J o (sin 7 vc/Lf ~'sin7D cX m /L dx =- 


2 w ~'r\ 

(»'+>..+ a 

n i — 

fW'W.+l'l 


l 2 J 

l 2 J 


, Re(W ) > 0, 


we evaluate the following integral very useful in our investigations: 


(8.2.1) £ (sin me Lf sin(%x\ m L)S^\y ^simoc L) 2p '\..S'"'\y Xsinm jL) 


\-p. 


OXi [[( a ).'e',...,e'-];[(6'):$'];...;[(6W).V")]; . 2§J . r 

11 » - ,D< "][ [(c).- V V... J ).-5t" 1 ],- ** ^ ^ L > ’ — ’ Z * ( Slfl ^ L ) 


dx 


Lsin(n \ ni /2 y^ ^ y' H n i)m. ] s I ^n J> s 1 '“i n r) mrSr Ai r> s r 

2^-1 2md^ 2 2 {Pl S l + - + Pr s r) 


s i = 0 s r ~0 


y s i y Sr 


s, ! s,. 


r H(s lt ...,s r ) t 



where 


m, q \ = H 0Mi.iv-y);...;(^’S'‘>) 
■n(Sj,...,S r ) n A+hC+2: [B\D'};...;[B u ’ ,D ,: “\ 


f 


[( O ):e'...., 0 '"'],[ 

l-W~2 { PjSj +...+P r s r ):2h ]/ 

[«4-v V '“j. 

l-W-2(p 1 s i +...+p r s r )±X m t 

2 


[ (W ],_.{r , |.V 1 ]; , /4l . 


« 


■ 


1 
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Re (W) >0, Re 


/=/ 


>0, all are real positive numbers./, A.C, 

ni"‘, n (,) ,B ,l) ,D (I> are such that A > l > 0, C > 0, D (i) > m (>) > 0. B (il > n in > 

0 and 9 ,j= 1 A; ,j= 1 ,..., B< 1 >; V? J= 5 f j = 1 are 

positive real numbers, 

Zj ( sin tdc/L) 2si 


are 1 


A; 7 if 2 ; 


A 


B ( “ 


D l " 


— M’-lvT+lV- X 5 ? J>0; i-i 

j-1 j=V h) +l j=l j=l j=\l (,J +l 


/?. 


j=Y+l 


Also p ; , are real positive numbers, n k , m k are arbitrary positive integers, 
A, are arbitrary functions of n k and .s^real or complex independent of.v, 

)',<■ P* k=J '■ 

Problem I 

8.3. Application to heat conduction in a rod. In this 
section, we consider a problem on outer heat conduction in a rod under certain 
boundary conditions. If the thermal coefficients are constants and there is no 
source of thermal energy, then the temperature u(x,t) in one dimensional rod 
0 <x <L satisfies the following heat equation 


du , d 2 u , ^ _ 
t8 3 - u a 


If we consider the following boundary conditions 
(8.3.2)«(0, t) = 0, 


(8.3.3)§f— ' +hu(L,t)~0,h>0 t 


(8.3.4) u (x, t) is finite as 
and initial condition 

(8.3.5) u (x,0) =/(*), 

then the solution of partial differential equation (8.3.1) is given by Sommerheld 

[5] 


I 
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(8.3.6) «(*.*) = Y J A m sin(\ m nx/L)exp{-{KX m /L) 2 kt}, 


where A.,;..., A, m are the roots of the transcendental equation 

(8.3.7) tannX m = n'k m /kL. 

Here we consider the problem of determining u(x,t), where 

(8.3.8) «(.r,0) =f(x) 


[simtx/L) S™‘\y 1 (sinnx/L) 2pI ...S£ y,.(sinnx/L) 2 


' z n {smwc/L) 


4. Solution of the problem. Making an appeal to (8.3.6), 

(8.3.8) and (8.2.1) we derive 


„ A ftA. m sin(n'k m /2) ^ ^ V ^ ^mjS, At,,.v( 

(8.4.1) •»- 2 w-s [2iam _ sin2ltXm] Zr~ L 4 (P„ + ..,P,,., 




Sj/ s r ! 


where all conditions of (8.2.1) are satisfied and X in are the roots of 
transcendental equation (8.3.7) and 


it/ JJf - I L v ; J” 

11 a+i< c + 2:[B\D%.;\b ( ’‘\D"“}\ j (c)y ,d 1-W-2 (m, +-+ p f s f )±X„, ;£ 


v _ H . 0 A+I.-(p'.v');....-(p" , ',v"‘') [( a ): 0 ',....e"' ; ] ) [i-lV- 2 (p jSi +...+p rS ,.): 2 c Jl ..„ 2 c„ 


K'J; , 5l , % 

[{d').-8'];...;[(d'">):5'"']; J/ ” nl 


Now substituting the value of A m from (8.4.1) in (8.3.6), we derive 
the following solution of the problem: 


(8.4.2) u(x,t)= Y, sin{\ m Tvc / L) exp\-(%’k m L) 2 kt} 

















i 1 1 ( i 1 'f “ 















% 



sin2nX m 


where all conditions of (8.4.1) are satisfied. 

8.5. Expansion Formula. Making an appeal to (8.3.8) and (8.4.2) 
we derive the expansion formula : 


sin toc, 


smnxj 


sin toc, 


sm TEX 


n,im 1 


'^sin(%k m x L) 


sin 2izX m 


provided that all the conditions of (8.4. 1) are satisfied. 

Problem II 

8.6. Application to Homogeneous Wave Problem. 
In this section, we shall determine the shape (deflection) u(x,l) oi vibrating 
string. If the deflection due to weight of string is negligible (usually the case) 
then u(x,t) satisfies the partial differential equation: 


If we assume the boundary conditions 


(8.6.2) u (0 ,t)= 0, 
and initial conditions 


u(L,t)= 0, t >0 


0 . _ . du(x,0) . . 

(8.6.^) — = £(x) (initial velocity) 

and 

(8.6.4) u (x,0)=f (x). 

Then the solution of partial differential equation (8.6.1) is given by 


(8.6.5) u(x,t) = X[A,„ cos(Kl m ct L) + B m sin(nX m ct L)]sin(nX m x/L). 


Now we consider the problem of determining u(x,t), where 
u(x,0)=f(x) is given by (8.3.8) and 


(8.6.6) g(x)={sinvx L) U x^sinnx L) 


\2a, 


■si 


x,(sinnx/L) 


2a, 


H 


;(A 1 in >,N (n >) 

'[(e):E‘ £'■'}[(/'): F'];...; 



cKWfff.' 

’(//*'■' ): //H 


UjSin " ni mc/L ,u n sin 2 ^' nx/L j. 

Now making an appeal to (8.6.4) and (8.6.5), we obtain 

(8.6.7) u(x, 0)=f{. x)= X sin (nx\ m / L ) , 

while an appeal to (8.6.3) and (8.6.5) gives 

(8.6.8) = g{x) = KC sin(jik m x L ) . 

. ot Li mssJ 

Now making an appeal to (8.2.1), (8.3.8) and (8. 6.4), A m is given by (8.4. 1 ) 
Again by (8.6.6), (8.6.8) and (8.2.1), we also derive 

Lsinl%k m j2) [ y ' 1 Pi ) q, ai ^ t 



His s 1 = v°- u+I: ( m ’’N');~;{m ( ' ,, ,n i '< > ) [\ e h a \, 

^ V+1,W+2:[P\Q'}; [(g-).-G 1 ,.. ,G (n> ] 


[l - W'-2(a lSl +. . .+o l s l );2 t\ j,... ,2\ ]: [(f); F']; [(/*"> ); F W 1; 

1 - W’-2(a ,s,+. . .+c,s, ) ± A, 1 T , n ~ J -- 3 

2 — — --nj Tl„ ; 4 "' ’ 4 ' 


Now substituting the values of A m and B m in (8.6.5), the solution of 
the problem in given by 


(8.6.10) 




n_ ^ X m sm(nX m x/L) cos(nk m ct / L) sin( nX m J2) 
W ~ 3 Pi [2nK M -sin2nl ni ] 


y !"y ] 

^ Q 2 (PlSl + -'+Pr s r) 

Si=0 S r ~0 & 


s i-' s,./ c.2 w ~° 


sm(nX m x/L) sin{nX m ct /L) sin(nk m /2) 
[2nX m - sin 2nX m ] 


[PrV;] [p,Jq k ] (-n,) A Pi) A 

y y 1 yi) <m p<-*i tt( , . \ X 1 x i‘ 

jC-mi ^2[0 ^Sj+^. + G/Sl ) ^ /'** <> / 3 


.X j OC I 


S }=0 s k =0 


s,/ S,I 


where / are the roots of equation (8.3.7), Re(w)>0, Re(W’)>0, Re 


n r \ 

Hj > 0 1 x i> are P os iti ve real numbers and u,\\u\ 


N (l) ,M (l) ,P (l} , QW are such that v > u > 0, w > 0 , 0^ > M (l) > 0, P (l) > N (l) 

>0 and Ef ,j=\,...,v; F}‘ ] ,j=\,...,pW; Gf H i j ) ,j=l Q (i) are 

positive real numbers; 



where 




p r , q,. are arbitrary positive integers, A ;v 

real or complex independent of x, x r , s r ;r 
(8.2. 1) are satisfied. 

8.8. Special Cases of Problem 1 


are arbitrary functions of p r , s 
1 , ...,k and also all conditions of 


Case I. For each m, 


result from (8.2.1 ) for Hermite polynomials ([15] p. 1 06, eq. (5.5.4) and 
[1 3],p. 158) 




SUITVC, 


sin tzx> 


valid if all conditions of (8.2.1) hold. 

Then by (8.4.2), the solution of problem I, is given by 


(8.8.2) u(x,t) 


f 

i(rocA, m Z)y,(sin7cc L j H n ^ 

1 

(4 

i (sin 7 tx/L)~ j 
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{kK!2) 


sin 2 j rA, m ] 


where all conditions of (8.4.2) are satisfied, 
From (8.5.1), we derive expansion formula 


sin TLX 


sin too. 


sm Tix I 


simiXj 


sin(nX m x/L)X m sin(nX m /2 ) ^ 




sin2nX 


Case 1L For each m i = l,A t 


r; we derive the 


result for laguerre polynomials S*. (x) -» L) 


[13], p. 159) 
(8.8.4) 




sm 7cc 


158 



Lsin{KkJ2 ) (- ? + K i) re , (-Z + a. 


where all condition of (8.2.1) are satisfied. 

Now by (8.4.2) the solution of peoblem I ? reduces to 


sin2nX 


where all conditions of (8.4.1) are satisfied. 

Also from (8.5.1) we derive expansion formula 


sin 7 tr 


( 8 . 8 . 6 ) {sin toc 


sin toc 


z„lsin7iXj 


simoci 





where all the conditions of (8. 5.1) are satisfied 


Case III. For each m. =1 


* ^ } deiive the result from (8.2.1) for Jacobi polynomi 

P-68, Eq. (4.3.2) and [13], p. 159) 


l-2y i {sinnx L) 


sinnx 


zAsmnXj 


z Asm toc t 


Lsin{jzk m l2 ) 


valid if all the conditions of (8.2.1) are satisfied. 

Then by (8.4.2), the solution of the problem I is given by 


sin( toc / L ) exp^-{%k m jVf kt^ 


sin 2nX m ] 


where all conditions (8.2.1) and (8.4.2) are astified 
Also expanion formula (8.5.1), reduces to 


sm toc 


sm toc 
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simxx, 


sin2nX m 


valid if all the conditions of (8.2 
Case IV. Choosing \=A, = 

• ••.«, integral (8.2.1) reduces to 


. 1) and (8.4.2) are satisfied. 
l,v {l) =B {l) , replacing £)(0by £>(0 + j 


Sill 7DC, 


njlm } ] [rc r /w, 


1 + W + 2(p ^8^ +. . .+p r s r ) i A, 


>(a). 

•0' e""]: 






..,z n (simvc/L'f ' s " ) 




■■ [J-(rf').-8'];.. 



where all conditions of (8. 2.1) are satisfied. 

Then the solution (8.4.2) of problem I, is given by 



l + W + 2(p 1 s 1 +...+p F s r )± K ] 


il I J-*-W+%i3i+...+p r s r )±X, 


provided that all conditions of (8.2.1) and (8.4.2) are satisfied 
Also expansion formula (8.5.1) reduces to 


(8.8. 12) (simac L) S; 


sinnx 


sin n x 


[ nj/mij [n r lm r \ r 


sin2nX m ] 


1 + W + 2(p 1 s 1 +. . ,+p r s r ) ± X 




where all the conditions of (8.2.1) and (8.4.2) are satisfied 



Case V. Further for r=2, X m = (2m+l)/2, our results (8.2.1), (8.3.8), 

(8.4.1), (8.4.2), (8.8.1), (8.8.2), (8.8.4), (8.8.5), (8.8.7), (8.8.8), (8.8.10) 
and ( 8 . 8 . 1 1 ) give respectively (7), (6) and correct forms of wrong results 
( 1 1 ), (8), ( 12), ( 13), (14), (15), (16), (17), (18) and (19) due to Chaurasia 
and Patni [2], 

This remark also suggests that all the results due to Chaurasia and 
Gutpa ([3]), (2.1), (2.2), (3.1), (3.3), (4.1), (4.2), (4.3), (4.4), (4.5), (4.6), 
(4.7), (4.8), (4.9), (4.10), (4.11) and (4.12) are wrongly expressed. Actually 


J should be written within the summation signs 


above results. 

Case VI. Choosing 1=4, n.-O, g (,:) = = B (i \ replacing pin by jytv + j . 

2 . by -z j i =1 n, all the results of this paper will reduce to the results of 

Chandel and Tiwari [1] 

Similarly specializing the coefficents A n . s , i=l,...,n of polynomials 


we shall get a large number of results involving various 


Mathematics and Mathematical Physics. 

9. Special Cases of Problem II 

Case I. For Hermite polynomials ([15], p.106, eq. (5.54), and [13], P- 1 58) 


choosing each m. = 2, A, 


(8.3.8) and (8.6.6) give respectively 


sinnx. 


smite :. 


sinnx. 


(8.9.2)g(x)= (sinnx/L) ” jj x, ; (sin nx/L) ‘H p . 

i-1 


1 

sinnx/L) G 1 


v,w:[P',Q'];...;[p in) ,Q fni ] 



(f( n ^ : F (n} 

J(& )-’G' G <n> }: [(/f): H']; 



u t sin 2Al kx/L , u n sin 2]1, ttx/L 
Then solution (8.6. 10) of the problem II is reduced in the form: 


n v K sin { n Kx/L)cos(nX m ct/L)sin(nX m /2 ) 

(8.9.0) u \ x > L f- 9 W-3 


m-1 


\2%K m -sin2nX m ] 


[n,i2] [n r /2] r (— J) S ‘ (—?l ) V s ' 

i - 1 n O 

Sj=0 s r =0 i=l ^ b i • 


+ 


XL ^ sin{%X m x/L) sin{nX m ctjL) sin{rik m l2) 


c. 


2 W'-3 


m-1 


\2t zX m - sin2n\ n 


[ Pl !2] [ Pl !2] i (-J Y*(-n.) r 9 '„ 

i- x n L VO ■ 

S;=0 s/ =0 i=I ^ * 


where all conditins of (8.6.10) are satisfied. 

Case II. For Laguerre polynomials ([1 5], p. 101, Eq. 5. 1.6) and (1 3], p. 159) 


choosing each m i 


*<.-» 


( i+a iL 


A, 




,sl (x)-> L^ p J \j = (8.3.8) and (8.4.6) giv 


^ \ 



(8.9.4) f(x) ~ (sin tcx/ L ) J”J li“' ^ y t (sin kx/L) 2? ' 

i-l 


1 A,C:[B',D%j£ 


19 ' ' ' ].'[( c/' d ^ n ' j;S‘ " ]; — *»(«« **/L)‘ 


(8.9.5) g(x)=(sinnx L) v 


p . ix^sunac 


L ) 2a ‘ " 






UjSin 2 ' h nx/L ,u n sin 2 '' [ " mcjL 


Then solution (8.6.10) of the problem is reduced to 

Jt V ^mSw(^ m ^)c0s(^ m Cf/L)sOT(Tt?L m /2) 

(8.9.6) 


n, n r r 


rr v v ft v y' m 

n S-Z ri( 2+a .) 4 ^ Si ! 


i-l i ' s ,=0 s. =0 i 


tiL y sin(nX m x/L)sin(nX m ct/L)sin(KX m /2) 
+ c.2 w '~ 3 [27tA. m -sin2jifc m ] 


/ (l + p) Pi pi l (— n.) r s,- 

n „ 7'X-sn, a,*c *>> 

>2 P. ; • s ,=0 S[~0 i=l V 


where all conditions of (8.6. 10) are satisfied 


Case III For each m.=l, q-1, A n s 


( 1 + a i)n, ( 1 + (X i+Pi +n «). ( 

1 ( 1 \ n \ 



A l i + T i) p . (/ + Y* + 8 - 4 - p.j 

p " s ' ~ ~J~! ' (7T y .) s S '“> S 'l' W ^“" Pi) (i- 2x),S I P/ [*] -> P<J‘ *'\l - 

we derive for Jacobi polynomials ([15], p.68, eq. (4.32) and [13], p. 159 ) 
from the results (8.3.8) and (8.6.6) respectively 

(8.9.7) f(x) =(smia/L) w - 2 n^ n 


'[(«)-8 ' e ' ” J f )-'♦* n1 ]; 


i^sin nx/L) 2 ^' z n (sin nx/L ) 2S “‘ 


•9.8)«(x)= (sirnix L) r " J []P^' 8i) [i- 2 x,. (sin tec L) 20 ' 

7 *■ 


r0>I ,-(M',N’),.;(M-,TV'-) [( e )‘ &>■■■> E (n) ^: [(/’); F ']; . . . ; [(/ l(n) ); F { ' 

' ,<r '] [j^. Q< ; > Q(n) j. [(£■). H .J | . .... //< 


u, sin 2 ' h nx/L ,u n sin 2 ' Xl nx/L 


The solution of the problem II, reduces to 

, ^ Ti v X m sin(nX m x/L)cos(nX m ct/L)sin(nX m /2) 

(8.9.5, “«*.<)- jrrZ [**.-„»**.] 


Vt (•* + «i ) Vt {-n t l (I + a„ + (3; + n , ) y? 

n jj ) s - 1 n — fi+a) # ,, s .t ■ «- 

n <- s ,=o s,=o i =7 v 1 + a ;; S) . * V 


TtL sin(nX m x/L ) sin(izX m ct/L) sin( nX m /2) 


c.2 % 


[2nX m -sin2nX m ] 


i (J + y) pi pi ‘(-pi) (J + Y; + 5, +P/) *?' , 

r ,7* e-sit 7 + V) V ;• *<•« - 

-i Pi- s,=o s/=o i=i ' 




where all conditions of (8.6. 10) ware satisfied. 

Case IV. Choosing l=A, jn w - - #(0^ replacing jj(n by • z \ by 

("“/) (8.3.8), and Choosing u=v, jy( / )=p(0 replacing by Q^by / - 

Q [ ' ' w /by in (8.6.6), we derive respectively 

(8.9.10 ) f(x) = (sin tcx/ L) w 1 J]j S™< [ (sin k x/L) ip,: F cn^-D^ 

i=l L -* 


[i-(a).-0' 0 f " J ].*[ 2 -( 6 , ).-^] J r... ; r i-(6 fw) 


(8.9. 1 1 ) g(x)= (simvc L) w “ ; J~[ S* jx^sircrac L) 2a ‘ 


I - (e): E',..., E (n1 ]: [l - (f ): F']; ...;[l- [f {n] ); F (n) l; 


[l-{g):G,...,G (n> ]:[l-{h'):H'];...; l-[h (n) ): H [n) ; 


UjSin " n ' tvc/L , u n sin“ r] " tcc/L 


Then solution (8.6. 10) of the problem II is given by 

, 7 It ^l m sin(nX m x/L)cos(%l m ct/L)sin(KXJ2) 


«,/»!,] [n r /m T ] r f-n.) A 

V /m ' Sl H ‘ ’ ’ 


m,s, vA+l.-B 1 


4 V>Si S; / C+2,:D’ 


V 


[i-(o):e' 9 ( "'],[VV+2(p,s i +...+p r s r ).-25 J ,...,2^„]: [i-(6> , ];...,{i-(6 l “ ) ).V“ 1 ]; j ^ 

-r j+W+2(p J 8 J +...+p r » r )±X w .,^ , 1 ].• 11 n ' 





a d 

Pi , 


X i' piv+l:P ! ( e ) ;E '.-.-E"''].[j+W’+2(a,s ; ,+...+o,s ( ).-2nj,. 
S i ! W+2..Q 1 :Q(») [2-( g ).- G ',... Hij f +... + CT/S/ )±\ /w 



^ U V 4 "" U n 


valid if all the conditions of (8. 6. 10) are satisfied 

Similarly specialising the coefficients A„. a of polynomials S^[*] [6] 

and parameters of //-function of several complex variables ([10], [1 1 ], [12]), 
we shall get a very large number of results involving various polynomials others 
special functions useful in mathematical analysis, applied mathematics and 
mathematical physics. 
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In the present Chapter, we discuss the problem on heat conduction 
in a uniform rod under the Robin condition (at zero temperature with 
radiation at the ends in side the medium). Its special cases are also 
discussed. 

It is remarked that all the results due to Chaurasia- Gupta 
([4], (2.1), (2. 2), (3.1), (3.3), (4.1) to (4.12)) are wrongly expressed and 
their correct forms are special cases of our results. Our results are also 
generalization of the results due to Chaurasia and Patni [3]. It is also 
remarked that their all results ([3], (8), (11) to (19)) are also wrongly 
expressed. 

9.1 Introduction. Chandel and Tiwari [1] discussed two 
boundary value problems with applications of multiple hypergeometric 
function of Srivastava and Daoust ([6], [7], [8]). Chaurasia and Patni [3 ] 
discussed a heat conduction problem and certain product of the multivariable 
//-function due to Srivastava and Panda ([9], [10], also see [11]) and 
two general classes of polynomials due to Srivastava [5].Chaurasia and 
Gupta [4] also discussed a solution of the partial differential equation ol 








A following paper from this Chapter has been published : **A problem 
on heat conduction in a rod under the Robin condtdion , j, 33 
( 2003 ), 131 - 138 . 





heat conduction in rod under the Robin condition. Srivastava and 
Srivastava [1 5] dicussed application of Meiger’s G-funcrtion of one variale 
in two boundary value problems. In previous Chapter VIII (also see 
Chandel and Sengar [2]) we discussed two boundary value problems 
employing multivariable //-function of Srivastava and Panda ([9], [10] also 
see [11]) and product of several general classes of poynomials of 
Srivastava [15]. 

In the present Chapter, we shall discuss the problem on heat 
conduction in a uniform rod under the Robin condition (at zeio tempeiatuie 
with radiation at the ends the medium). If the thermal coefficient is constant 
and there is no source of thermal enegry, then we shall find the function 
0 (x.t) satiafying partial differatial equation 


with intitial condition 


and boundary conditions 


It is clear that the expression 


satisfies (9.1.1). 

Then boundary conditions (9.1.3) and (9.1.4) give re 
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( 9 . 1 . 7 ) tan(E p L) = 2E p h/(E [ 


wnere t p is p positive root of (9.1.7). 

Then the elegant form of solution of the problem is given by 


(9.1.8 ) 11 (x,t )=Y t R p (cos E p x + h / E p sin E p x )e ^ 


Here we consider the problem of determining u(x, t ) , where 


(9. 1 .9) V ( x ’ 0 ) =/ ( x ) = sin(Jtx / L)f 


[y , (sin 7 ix / L) 


(sinixx / L) 


(sin roc / L)' q " ) 


is multivariable //-function of Srivastava and Panda ([9], [10] and also 


see [11] and S'” [x] are generalized polynomids of Srivastava ([5], p 


eqn. (1.1) difined by 


where m is arbitrary positive integer and the coefficients 
A n Jn.s > 0) are arbitrary constants, real or complex. 
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9.2. Formulae Required. The following well known results 
will be frequently used in our investigations : 


(sintD: / L f sin(E tdc IL)dx = L 2 sin(£ Jt/2) — 

’ y p ’ J r((o±E p +\)/2) 


(sin tlx / L )° cos(£ %. x / L )dx 


Re( o ) > 0 : 


T((<5±E p + l)/2) 


x +hl E q sinE q x)(cosE p x +hl E p sin E p x)dx 


[2E*]-'(El+h 2 )L + 2h],p = q 


Q,p*q 


where E is qth positive root of non-algebraic equation 


(9.2.4) tanEL = 2hE/(E 1 -h 1 ) 


9.3. Main integrals. In this section, we evaluate the following 
integrals, which will be used in our investigations: 


(93.1) jy (sin m ' L f cos(mr7. ra / L )f| 5 /"' Lv < ( sin ^ / L ' ^ Hclx 


L cos ( kA.„, / 2) 


where 


[ 
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z, / 4^' z„ / 4^" 


Re(W 7 ) > 0, Re(F + 1 / §(' 1 ) > 0,all %,• are real positive numbers X, /l , 

/=1 

C, |i , ' , ,\j in ,5 ( ' ) ,D 10 are such that A > X > 0,C > 0,D ,n > |i ( ' 1 > 0, 


B U) >m U) > 0 and ,j =\,..^ u hVpJ 

are positive real numbers, 

| arg[ Zj (sin nx / L) 2 ^ ]|<A,-ji/2, 


(0 


A 

s 

j~y+\ 


D {i 1 


A.—ser+i*?- xt?-s»f+z*r- x«f>w ■ 

/=! /=\) (,, +l 7=1 7=1 7= M ,,, + l 


Alsop ; . are all positive numbers, n k ,m k , are arbitrary positive integers, /i /? s 
are arbitrary functions of n k and s k real or complex independent of 

p** = 1 >-’ r - 

For r = 2 (9.3.1) reduces to the correct form of the result due to 

Chaurasia and Gupta ([4], (2. 2)). 

We shall also frequently use the integral due to authors ([2], (2.1)) 

9. 4. Solution of the Problem. 

For t = 0, from (9.1.8) and (9.1.9) we derive 

( 9 . 4 . i ) (sin nx/Lf [y f (sin nx / L ) 2pl W 


m 

■ 


| 


(9.4.1) 
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^ R q (cos E q x + h/ E q sin E q x ). 


Then 


(9.4 


4 2) L jLj^q ( C0S E q x +h/ E q x sinE q x)(cosE p +h / E p sin E p x )clx 


?=i 


= J L (sinTix !Lf-\cosE p x +h/E p sin£ p JcfIS“'[y f (sin7Dc / L) 2pl ]. 


(=i 


Thus making an appeal to (9.2.1), (9.2.2) and (9.2.3), we derive 


(9.4.3)/? = 


L[E p cos (LE / 2)] + h sin (LE, / 2)]£ 


, p 

p ~ 2 w “ 3 [(£p + h 2 )L + 2h 


[/ 7 ,/m,] K/m,.] r (~n ) A V 

I ... I II 7. v H(s l ,..., s ,.-,LE„/ny 


.V , =0 i,=0 /=1 


4 p '*'s,l 


Therefore, substituting the value of R in (9.1.8), the solution ol the 


problem is given by 


l “ [E cos( LE /2)] + h sin (LE / 2)] 


(9.4.4) u(x,t)= 2 „,- _ 2 2, [( £ 2 +/ 7 2 )L +2/7 


[m/m,] [»,. /m f ] r (—n ) A V- 

-uF 2 t V TT 1 ' n i S i J 1 

EJcos E.,x + h sin E x)e " 2- 2* li 7^777“ 

^ 4,=0 4 r =0 f = i ^ 'b" 


//(j, 5,.; L^/tc), 

where all the conditions of (9.3.1) are satisfied. 

9.5 Expansion formula. For t = 0, (9.4.4) with (9.1.9), 

gives expansion formula 


(9.5 


5 r) (sinru- ILf-'fl S”‘\y,( sin roc ! L)f p - H 


7=1 


1 



■ 


[gp cos (LE P /2) + h sin (LE p !2)\ 


valid if all the conditions of (9.3.1) are satisfied 
9.6. Special Cases. 


Case I. Choosing each m i =2,A ns = (—\) Si , we have 


Consider 


y f (sin mr / L ) 


2 Jy (sin roc / L )' 


Therefore, for Hermite polynomials ([14], p,106,eq.(5.5.4) and j 1 
158), our main integral (9.3.1) reduces to 


(9.6.1)Jo (sinror/Z '^ 


/«n> 


(sinra: Lf‘" 1 ,H j 


)>: IsmJDr 


L cos(7tA. m / 2) 


where all conditions of (9.3.1) are satisfied. 
Then solution (9.4.3) of the problem reduces to 


[E p cos (LE p / 2 )] + h sin (LE 
\(El+h 2 )L+2h] 



[E p cos E x +h sin£ /r x]e 


[n, /;«,][«, Jm r ] r (- n . ) 1V V ' y ?’■' 

X- X n 

s,= 0 s=0 /=1 H 5 i- 


which is valid if all conditions of (9.3.1) are satisfied. 
The expansion formula (9.5.1) reduces to 

(9.6.3) (sin kx / L ) r (sin m I L)" lPi y"" 2 H tti 


cos E p x + h sin E p x ] 


L [E p cos (LE p ! 2)] + hsm(LE p / 2)][E p 
; />=i \e 2 p +Ii 2 )L + 2/?] 


2 Jy ] (sin tlx / L ) p 


.// 


[«./2] t«, /2 ] i- 

x ... x n 

s ,=0 s —0 i— 1 


(-»,•)*, X/ ' C-O 4 ' 


4P' 4 ' 


H(s l ,...,s r \LE p hi). 


S : ! 


Case II. Choosing each 


m, = 1, A,,.*, 


P n,. +a, p 

, 


1 

(l + ot,). s . ’ 


we have S^j’Lv ,■ ] — » X ( „ a) (T ; )> * _ > r * 

therefore for Laguerre polynomials ([14], p. 10,eq.[5.1.6] and [12]. p. 158), 
our result (9.3.1) reduces to 


(9 6 4) jXsinro !Lf-\ cosnxK, '£>fl »<•>»»«* iL ** ]H ‘ k 


L cos(7tX, m / 2) ^ 


Of-1 


x -x n 

5,=0 AV=0 /=1 




V; 


4 pa ^,.! 


«/ + a 1 


\ n , 


1 


(1+a,.), 


// (s' j ,. . . V * 1 r . Xy f ; ) 


and the solution (9.4.3) of the problem reduces to 
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I “ [E cos(LE / 2)] + h sin(LE ! 2)] 
(9.6.5 = — — 7 


P=1 


[(£ 2 +/? 2 )L + 2/r] 


Hj /' 


[; +a, , 1 


[E p cos E p x +h sin E p x ]e v ’ E ' f Z-inr') 

s,=0 IV =0 /=1 n i \ lrru -i)s, 


(- n i)s t y s i' (-0"' 
4 P '* V ' 5 : ! 


H^,...,s r -LE p /tc), 


provided that all the conditions of (9.3.1) are satisfied. 

Then expansion formula (9.5.1) reduces to 

(9.6.6) (sin tix / L) n " } Y[ ^n,' 1 [y^sinvac/ L)' p ' ].H 
/= 1 

L ^ k COS (LE p /2) + h sin (LE / 2)]|E,CavE,,.v + h sin £ /r r 


>M'-2 


I 

P = 1 


[(£ 2 +/r)L + 2A 


w, w r r 


y y rr f n ‘ +a ' ' 

^■**^11 aMic ! I n- 

jf,=o j r =o/=i 4 k’V 1 ' 


• V ' // (v,....,.v /( *1 

(1 + a,.), 


Case III. Choosing each m, =l,A n _^_ 


(n, +a/Vl + a ; +(3, +nX 


V n i J 


(1 + °-i ).v, 


we have ,• ] — > *0 2 y t ),i U — > ' ■ 

Therefore, for Jacobi polynomials ([14],p.68,eq. (4.3.2) and 1 12 
p. 159), (9. 3.1) reduces to 

(,.4.7)1* <*>« /L)"-'( cosm:X„ /Ofl 1 

t— «i X, >' ?' +a - ' 


L cos(nX m / 2) 


/?, n r r 


1 -i n 


4 V=0 s r =0 


li 4ft*. Sf ! ^ «, 
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0 + a ; + P; + n i ), 


(l+a,) s 


H (s ) 


and the solution (9.4.3) of the problem reduces to 


L A [£ cos(LE 1 2)1 + h sm(LE / 2)] 

(9.6.8) u(x,t)= 2 X 


p = i 


[(£p +h")L +2 h] 


-> n '> 11 '■ r ( — 11 ) V • ' 

v vn 1 ' ■- • ■ 


[£p cosE p x + /isin£ /7 x>T H ^ Efl 


s,=0 s , =0 i =1 


4 p "\v ; ! 


«: + 0C: 


n i / 


0 + a, +P, +«,), 


( 1+a /)iv 

where all conditions of (9.3.1) are satisfied. 
Then expansion formula (9.5.1) reduces to 


H(s x ,...,s r ;LE /%), 


(9.6.9) (sintu/Lf-'fl A) [l-2y,. (sinia /I) 2 " ].// 


i=i 


T 


l “ [£ p cos (LE p / 2)] + h sm(LE p l2)][E p cos E p x +h sin v ] 

IV -2 2 L 


p=l 




v ' s ' 
2a " 2u a p,*, | 

S ,=0 A’ ,. =0 ^ V 


«/ +«, 


[(E;+lr)L + 2h] 
Ml + ot, +p, +«,-),j'i 5 ' 


v ”, ; 


i7(5, s r ;LE /%). 


(1 + oc,). V( 

valid if all conditions of (9.3.1) are satisfied. 

9 . 7 . Remarks. 

Remark 1. Specially for r = 2 , our results (9.3.1), (9.4. 2), (9.4.3), (9.4.4), 
(9.6.1), (6.2), (6.4) and (6.5) reduce to correct forms of wrongly 
expressed results due to Chaurasia and Gupta ([4], (2. 2) ,(3.2), (3.3),(3.1 ). 
(4. 5), (4. 6), (4. 11) and (4.12)) respectively. 

Remark 2. For r = 2,1 = A,u m = lv (n = B (i> and replacing D in hyD u, + l 
i = 1 our results (9.3.1) and (9.4.4) reduce to correct forms of the 


1 




- ' 
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results due to Chaurasia and Gupta ([4], (4. 8) and (4.9)) respectively. 
Remark 3. Forr = 2,n = l, our results (9.3.1) and (9.4.4) reduce to 


correct forms of ([4], (4. 2) and (4.3)) respectively. 

Remark 4. Here it is also remarked that all the remaining results due 
to Chaurasia and Gupta ([4],(2. 1),(4. 1 ),(4.4),(4. 7) and (4.1 0) ) are 
wrongly expressed. 

Remarks 5. The above remarks also suggest that all the results due to 
Chaurasia and Patni ([3],(8),(1 1) to (19)) are also worngly expressed. 


[n / m ] [ n 7 m '] 

Actually every where 2~ ,1s ~ hs should be written within X X 


[i] 


Specializing the parameters of multivariable H - function of Srivastava and 
Panda ([8], [9], also see [10]) and parameters and number of the 
polynomials [5], we can derive serveral interesting results very useful in 
Analysis, Applied Mathematics and Mathematical Physics. 
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